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Crystal Structure and Symmetry:P63cm Magnetic Symmetry: P63cm ⨂ I

'The spins being  axial vectors, one writes down a Hamiltonian, invariant under spin reversal and symmetry operations 
of crystallographic group, in terms of vectors which form the basis of irreducible representations. All invariants of order 2
which enter the Hamiltonian  are products  of two base vectors belonging to the same representation. "



Group Theoretical Strategy 

𝑯,𝑻 = 𝟎 ∀𝑻 ∈ 𝑺𝒚𝒎𝒎𝒆𝒕𝒓𝒚 𝑮𝒓𝒐𝒖𝒑: Ψ Φ 2 = 𝑇Ψ 𝑇Φ 2

System state space Φ : Hilbert Vector Space (complete metric space with inner product)

𝑻

𝑇−𝑬 = 𝑇†

𝑇−𝑬 = −𝑇†

Orthornomal basisUnitary operator 

Unitary Matrix 

⋯
⋮ ⋱ ⋮

⋯

𝐷𝑬
𝐷2;𝑬𝑬 𝐷2;𝑬2
𝐷2;2𝑬 𝐷2;22

Representation irreducible basis irreducible Representation

Diagonalized to the extreme

irreducible basis: Physical field, Symmetry-protected States, preferred state, Magnetic order,…

Symmetry Interaction Physical States



Microscopic Method (Matrix Method)

𝑊 𝑅,𝑅′ = −2

𝛼,𝛽

𝐴𝛼𝛽 𝑅, 𝑅′ 𝑆𝛼(𝑅)𝑆𝛽
′ (𝑅′) 𝑅 𝑅′

റ𝑆 റ𝑆′

𝛼, 𝛽 = 𝑥, 𝑦, 𝑧

𝐀 𝑅, 𝑅′ = 𝐀𝑆𝑦𝑚 𝑅, 𝑅′ + 𝐀𝐴𝑛𝑡𝑖 𝑅, 𝑅
′ =

𝑬

3
𝐴𝛼𝛼𝛿𝛼𝛽 +

𝛾

휀𝛼𝛽𝛾𝐷𝛾 + 𝝓𝛼𝛽

𝐀𝑆𝑦𝑚;𝛼𝛽 =
𝑬

2
𝐴𝛼𝛽 + 𝐴𝛽𝛼 𝐀𝐴𝑛𝑡𝑖;𝛼𝛽 =

𝑬

2
𝐴𝛼𝛽 − 𝐴𝛽𝛼 =

𝛾

휀𝛼𝛽𝛾𝐷𝛾

𝐀𝑆𝑦𝑚;𝛼𝛽 =
𝑬

3
𝐴𝛼𝛼𝛿𝛼𝛽 +𝝓 𝝓𝛼𝛽 ≡

𝑬

2
𝐴𝛼𝛽 + 𝐴𝛽𝛼 −

𝑬

3
𝐴𝛼𝛼𝛿𝛼𝛽𝐴𝛼𝛼 ≡ 𝐴𝑥𝑥 + 𝐴𝑦𝑦 + 𝐴𝑧𝑧 ≔ 3𝐽



𝛼,𝛽

𝐀𝐴𝑛𝑡𝑖;𝛼𝛽 𝑅, 𝑅′ 𝑆𝛼 𝑅 𝑆𝛽
′ 𝑅′ = 

𝛼,𝛽,𝛾

휀𝛼𝛽𝛾𝐷𝛾 𝑅, 𝑅′ 𝑆𝛼 𝑅 𝑆𝛽
′ 𝑅′ = 𝐷 𝑅, 𝑅′ ∙ റ𝑆 𝑅 × റ𝑆′ 𝑅′

𝐷𝛾 𝑅, 𝑅′ =
𝑬

2
휀𝛼𝛽𝛾𝐀𝐴𝑛𝑡𝑖;𝛼𝛽 𝑅, 𝑅′

Dzialoshinski-Moriya Interaction

Scalar Traceless tensor  Polar vector

𝑊 𝑅, 𝑅′ = −2 𝐽 𝑅, 𝑅′ റ𝑆 𝑅 ∙ റ𝑆′ 𝑅′ + 𝐷 𝑅, 𝑅′ ∙ റ𝑆 𝑅 × റ𝑆′ 𝑅′ + റ𝑆 𝑅 ∙ 𝝓 𝑅, 𝑅′ ∙ റ𝑆′ 𝑅′

Isotropic Exchange Antisymmetric D-M Interaction 

𝐻 =

𝑅𝑅′

𝑊 𝑅,𝑅′Spin Interaction

Anisotropic term

Crystalline field  
Dipolar interaction
Pseudo-dipolar interaction



Isotropic Exchange: Static Equilibrium

𝐻𝐻−𝑁 =

𝑅𝑅′

𝑊 𝑅, 𝑅′ 𝑊 𝑅, 𝑅′ = −2𝐽 𝑅, 𝑅′ റ𝑆 𝑅 ∙ റ𝑆′ 𝑅′

= −2ሚ𝐽 𝑅, 𝑅′ റ𝜎 𝑅 ∙ റ𝜎 𝑅′

റ𝜎 𝑅 ≡ റ𝑆 𝑅 /𝑆 𝑅

ሚ𝐽 𝑅, 𝑅′ ≡ 𝑆 𝑅 𝐽 𝑅, 𝑅′ 𝑆 𝑅′

𝛿𝐻𝐻−𝑁

𝛿 റ𝜎 𝑅
= 0, [𝜎 𝑅 ]2= 𝑬

Or 

𝑑𝜎 𝑅

𝑑𝑡
=

𝑅′

2ሚ𝐽 𝑅, 𝑅′ റ𝜎 𝑅′ × റ𝜎 𝑅

𝑑റ𝐼

𝑑𝑡
= 𝑇𝑜𝑟𝑞𝑢𝑒 = റ𝜇 × 𝐵 റ𝜇 = 𝛾റ𝐼

𝜎 𝑅 ∥ σ
𝑅′
2ሚ𝐽 𝑅, 𝑅′ റ𝜎 𝑅′

𝐻 = − റ𝜇 ∙ 𝐵

𝜆 𝑅 𝜎 𝑅 =σ
𝑅′
2ሚ𝐽 𝑅, 𝑅′ റ𝜎 𝑅′

𝐻𝐻−𝑁 = −

𝑅

𝜆 𝑅 𝜎 𝑅
2
= −

𝑅

𝜆 𝑅

𝜆 𝑅 : Exchange energy of റ𝑆 𝑅 interacting with all neighbors 

𝑯,𝑻 = 𝟎 𝜆 𝑅 is same for crystallographic equivalent atoms

Spin configuration of lowest energy  of crystallographic symmetry.



𝜆 𝑅𝑖 𝜎 𝑅𝑖 =σ
𝑅′
2ሚ𝐽 𝑅𝑖 , 𝑅

′ റ𝜎 𝑅′

റ𝑙

𝒅

𝑖 = 𝑬, 2, …𝑛

𝜆𝑖𝑇𝑖 𝑘 =

𝑗

𝜉𝑖𝑗 𝑘 𝑇𝑗 𝑘

𝑇𝑖 𝑘 ≡

𝑅𝑖

𝜎 𝑅𝑖 𝑒
𝑖𝑘∙𝑅𝑖 /𝑁 𝜉𝑖𝑗 𝑘 ≡

𝑅𝑖

ሚ𝐽 𝑅𝑖 , 𝑅𝑗 𝑒𝑖𝑘∙(𝑅𝑖−𝑅𝑗)

𝝃 𝒌 − 𝝀 𝑻 𝒌 = 𝟎 Magnetic States are given by 𝑻 𝒌



Magnetic Structures of h-YMnO3: Irreducible Basis in Spin Space

Nontrivial Magnetic Group: 𝑫𝑬⋃(𝑭 − 𝑫)𝑬′

Little Group 𝑮𝒌

crystallographic space group 𝑭 P63cm

𝐷 any index 2 subgroup of 𝐹
𝐸: identity; 𝐸′ time reversing  

P63cm

P63cmIrreducible Representations of crystallographic space group
magnetic group 

P6’3c’m, P6’3cm’, *P63c’m’

Irreducible Representations and Basis in 18(6x3)-D state space

Irreducible Representations and Basis Compatible with Experimental Observations

Fundamentals of Group Theory



𝟐𝟏𝒛

𝟑𝒛
+ 𝟑𝒛

−

𝟔𝟑𝒛
+ 𝟔𝟑𝒛

−

𝒄(𝟐𝒙, 𝒙, 𝒛)

𝒄(𝒙, 𝟐𝒙, 𝒛)

𝒄(𝒙, ഥ𝒙, 𝒛)

m(𝒙, 𝒙, 𝒛)m(𝟎, 𝒚, 𝒛)

m(𝒙, 𝟎, 𝒛)

Space Group P63cm 

https://en.wikipedia.org/wiki/Hermann%E2%80%93Mauguin_notation

A B C

O (𝟑) Mn(3)

O(3)

R(3)

O(3)

Mn(3) O(3)

O(3)

R(3)

O(3)

O Mn

https://doi.org/10.1002/adfm.201505031
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Space Group P63cm: Multiplication Table 
𝑬 𝟐𝟏𝒛 𝟑𝒛

+ 𝟑𝒛
− 𝟔𝟑𝒛

+ 𝟔𝟑𝒛
− 𝒄(𝟐𝒙, 𝒙, 𝒛) 𝒄(𝒙, 𝟐𝒙, 𝒛) 𝒄(𝒙, ഥ𝒙, 𝒛) m(𝒙, 𝒙, 𝒛) m(𝟎, 𝒚, 𝒛) m(𝒙, 𝟎, 𝒛)

𝑬 𝑬 𝟐𝟏𝒛 𝟑𝒛
+ 𝟑𝒛

− 𝟔𝟑𝒛
+ 𝟔𝟑𝒛

− 𝒄(𝟐𝒙, 𝒙, 𝒛) 𝒄(𝒙, 𝟐𝒙, 𝒛) 𝒄(𝒙, ഥ𝒙, 𝒛) m(𝒙, 𝒙, 𝒛) m(𝟎, 𝒚, 𝒛) m(𝒙, 𝟎, 𝒛)

𝟐𝟏𝒛 𝟐𝟏𝒛 𝑬 𝟔𝟑𝒛
− 𝟔𝟑𝒛

+ 𝟑𝒛
− 𝟑𝒛

+ m(𝟎, 𝒚, 𝒛) m(𝒙, 𝟎, 𝒛) m(𝒙, 𝒙, 𝒛) 𝒄(𝒙, ഥ𝒙, 𝒛) 𝒄(𝟐𝒙, 𝒙, 𝒛) 𝒄(𝒙, 𝟐𝒙, 𝒛)

𝟑𝒛
− 𝟑𝒛

− 𝟔𝟑𝒛
+ 𝑬 𝟑𝒛

+ 𝟔𝟑𝒛
− 𝟐𝟏𝒛 𝒄(𝒙, ഥ𝒙, 𝒛) 𝒄(𝟐𝒙, 𝒙, 𝒛) 𝒄(𝒙, 𝟐𝒙, 𝒛) m(𝒙, 𝟎, 𝒛) m(𝒙, 𝒙, 𝒛) m(𝟎, 𝒚, 𝒛)

𝟑𝒛
+ 𝟑𝒛

+ 𝟔𝟑𝒛
− 𝟑𝒛

− 𝑬 𝟐𝟏𝒛 𝟔𝟑𝒛
+ 𝒄(𝒙, 𝟐𝒙, 𝒛) 𝒄(𝒙, ഥ𝒙, 𝒛) 𝒄(𝟐𝒙, 𝒙, 𝒛) m(𝟎, 𝒚, 𝒛) m(𝒙, 𝟎, 𝒛) m(𝒙, 𝒙, 𝒛)

𝟔𝟑𝒛
− 𝟔𝟑𝒛

+ 𝟑𝒛
+ 𝟔𝟑𝒛

+ 𝟐𝟏𝒛 𝑬 𝟑𝒛
− m(𝒙, 𝟎, 𝒛) m(𝒙, 𝒙, 𝒛) m(𝟎, 𝒚, 𝒛) 𝒄(𝟐𝒙, 𝒙, 𝒛) 𝒄(𝟐𝒙, 𝒙, 𝒛) 𝒄(𝒙, ഥ𝒙, 𝒛)

𝟔𝟑𝒛
+ 𝟔𝟑𝒛

− 𝟑𝒛
− 𝟐𝟏𝒛 𝟔𝟑𝒛

− 𝟑𝒛
+ 𝑬 m(𝒙, 𝒙, 𝒛) m(𝟎, 𝒚, 𝒛) m(𝒙, 𝟎, 𝒛) 𝒄(𝒙, 𝟐𝒙, 𝒛) 𝒄(𝒙, ഥ𝒙, 𝒛) 𝒄(𝟐𝒙, 𝒙, 𝒛)

𝒄(𝟐𝒙, 𝒙, 𝒛) 𝒄(𝟐𝒙, 𝒙, 𝒛) m(𝟎, 𝒚, 𝒛) 𝒄(𝒙, ഥ𝒙, 𝒛) 𝒄(𝒙, 𝟐𝒙, 𝒛) m(𝒙, 𝟎, 𝒛) m(𝒙, 𝒙, 𝒛) 𝑬 𝟑𝒛
− 𝟑𝒛

+ 𝟔𝟑𝒛
− 𝟐𝟏𝒛 𝟔𝟑𝒛

+

𝒄(𝒙, 𝟐𝒙, 𝒛) 𝒄(𝒙, 𝟐𝒙, 𝒛) m(𝒙, 𝟎, 𝒛) 𝒄(𝟐𝒙, 𝒙, 𝒛) 𝒄(𝒙, ഥ𝒙, 𝒛) m(𝒙, 𝒙, 𝒛) m(𝟎, 𝒚, 𝒛) 𝟑𝒛
+ 𝑬 𝟑𝒛

− 𝟔𝟑𝒛
+ 𝟔𝟑𝒛

− 𝟐𝟏𝒛

𝒄(𝒙, ഥ𝒙, 𝒛) 𝒄(𝒙, ഥ𝒙, 𝒛) m(𝒙, 𝒙, 𝒛) 𝒄(𝒙, 𝟐𝒙, 𝒛) 𝒄(𝟐𝒙, 𝒙, 𝒛) m(𝟎, 𝒚, 𝒛) m(𝒙, 𝟎, 𝒛) 𝟑𝒛
− 𝟑𝒛

+ 𝑬 𝟐𝟏𝒛 𝟔𝟑𝒛
+ 𝟔𝟑𝒛

−

m(𝒙, 𝒙, 𝒛) m(𝒙, 𝒙, 𝒛) 𝒄(𝒙, ഥ𝒙, 𝒛) m(𝒙, 𝟎, 𝒛) m(𝟎, 𝒚, 𝒛) 𝒄(𝟐𝒙, 𝒙, 𝒛) 𝒄(𝒙, 𝟐𝒙, 𝒛) 𝟔𝟑𝒛
+ 𝟔𝟑𝒛

− 𝟐𝟏𝒛 𝑬 𝟑𝒛
− 𝟑𝒛

+

m(𝟎, 𝒚, 𝒛) m(𝟎, 𝒚, 𝒛) 𝒄(𝟐𝒙, 𝒙, 𝒛) m(𝒙, 𝒙, 𝒛) m(𝒙, 𝟎, 𝒛) 𝒄(𝒙, 𝟐𝒙, 𝒛) 𝒄(𝒙, ഥ𝒙, 𝒛) 𝟐𝟏𝒛 𝟔𝟑𝒛
+ 𝟔𝟑𝒛

− 𝟑𝒛
+ 𝑬 𝟑𝒛

−

m(𝒙, 𝟎, 𝒛) m(𝒙, 𝟎, 𝒛) 𝒄(𝒙, 𝟐𝒙, 𝒛) m(𝟎, 𝒚, 𝒛) m(𝒙, 𝒙, 𝒛) 𝒄(𝒙, ഥ𝒙, 𝒛) 𝒄(𝟐𝒙, 𝒙, 𝒛) 𝟔𝟑𝒛
− 𝟐𝟏𝒛 𝟔𝟑𝒛

+ 𝟑𝒛
− 𝟑𝒛

+ 𝑬

http://www.math.niu.edu/~beachy/aaol/grouptables2.html

𝑫𝟔 Group



Space Group P63cm: Character Table 

http://symmetry.jacobs-university.de/cgi-bin/group.cgi?group=306&option=4

𝑬 𝟐𝟏𝒛 𝟑𝒛
+, 𝟑𝒛

− 𝟔𝟑𝒛
+ , 𝟔𝟑𝒛

− 𝒄(𝟐𝒙, 𝒙, 𝒛), 
𝒄 𝒙, 𝟐𝒙, 𝒛 ,
𝒄(𝒙, ഥ𝒙, 𝒛)

m(𝒙, 𝒙, 𝒛)
m(𝟎, 𝒚, 𝒛)
m(𝒙, 𝟎, 𝒛)

Γ1 𝟏 1 1 1 𝟏 1

Γ2 1 1 1 1 -1 −𝟏

Γ3 1 −1 1 −1 𝟏 -1

Γ4 1 −1 1 −1 −𝟏 1

Γ5 2 −2 −2 2 0 𝟎

Γ6 2 2 −2 −2 0 𝟎

12=1 + 1 + 1 + 1 + 22 + 22



Space Group P63cm: Irreducible Representations

𝝉 = (𝟎 𝟎 𝟏/𝟐), 𝝎 = 𝒆𝒊
𝝅

𝟑

https://journals.aps.org/prb/abstract/10.1103/PhysRevB.62.9498



𝐴 𝐵

𝐶

𝐷 = 𝐶3 𝐹 = 𝐶3
−

Fundamentals of Group Theory: Definitions

𝐷3

𝐺 = ȁ𝑔 𝑓 𝑔 = 𝑅
𝑅 ≔

(1) Closedness (relative to multiplication): 
∀𝑔1,  𝑔2 ∈ 𝐺, 𝑔3 = 𝑔1 𝑔2 ∈ 𝐺

(2) Associativity: 
∀𝑔1,  𝑔2 , 𝑔3 ∈ 𝐺, (𝑔1𝑔2)𝑔3 = 𝑔1(𝑔2𝑔3)

(3) Identity 𝑒: 
∃𝑒 ∈ 𝐺, ∀𝑔 ∈ 𝐺, 𝑔𝑒 = 𝑒𝑔 = 𝑔

(4) Inverse: 
∀𝑔 ∈ 𝐺, ∃𝑔−1 ∈ 𝐺, 𝑔𝑔−1 = 𝑔−1𝑔 = 𝑒

𝐹𝐺 ≔ {𝐹 𝐺 ȁ𝑅}

𝐹𝐺 Order:𝑁𝐺 Subgroup 𝑯 Conjugation and Class

Definition Number of 
Elements

𝑯 ⊆ 𝑮
𝑓 𝐻 = 𝑅

∀𝑔 ∈ 𝐺, 𝑔1 = 𝑔𝑔2𝑔
−1;

𝐶𝑔1 ≔ 𝑔2ȁ𝑔𝑔1𝑔
−1, ∀𝑔 ∈ 𝐺

𝐷3 6 𝐸 , 𝐸, 𝐷, 𝐹 ,
𝐸, 𝐴 , 𝐸, 𝐵 ,

{𝐸, 𝐶}

𝐸 , 𝐴, 𝐵, 𝐶 ,
𝐷, 𝐹 ,



𝐹𝐺 ≔ {𝐹 𝐺 ȁ𝑅}

𝐹𝐺 Homomorphic && Isomorphic 
𝑚 𝐺 = 𝐺′

If 𝑔3 = 𝑔1 𝑔2
𝑚(𝑔3) = 𝑚(𝑔1)m(𝑔2)

(Unitary)Representation and 
Representation Space, Basis: 

reducible& irreducible

Character of Group 

Definition Homomorphic(surjection): 𝑚−1(𝐺′) ≠ 𝐺
Isomorphic(bijection): 𝑚−1 𝐺′ = 𝐺

Vector Space 𝑉 = 𝛼𝑖𝑏𝑖ȁ𝛼𝑖 ∈ 𝑅 𝑜𝑟 𝐶
∀𝑔 ∈ 𝐺, 𝑔𝑏𝑖 = 𝑏𝑗𝑀𝑗𝑖 𝑔 ,𝐺 → 𝑀(𝐺)

If 𝑏𝑖 ∙ 𝑏𝑗 = 𝛿𝑖𝑗, 𝑀−1 𝐺 = 𝑀† 𝐺

𝑈𝑀 𝐺 𝑈−1 = Λ 𝐺

=

𝐷1(𝐺) 0 0
0 𝐷2(𝐺) 0
0 0 𝐷3(𝐺)

𝜒 𝐺 = 𝑇𝑟(𝑀(𝐺))
𝜒 𝐶

𝐷3 𝐷3 → 𝑀(𝐷3) 𝜒 𝑀(𝐸) = 2; 
𝜒 𝑀(𝐴) = 𝜒 𝑀(𝐵)
= 𝜒 𝑀(𝐶) = 0;
𝜒 𝑀(𝐷) = 𝜒 𝑀(𝐹) =

− 1; 
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𝐸
1 0
0 1

𝐴
1 0
0 −1

𝐵
−
1

2

3

2

3

2

1

2

𝐶
−
1

2
−

3

2

−
3

2

1

2

𝐷
−
1

2

3

2

−
3

2
−
1

2

𝐹
−
1

2
−

3

2

3

2
−
1

2

𝑫𝟑 𝑴(𝑫𝟑)

Ƹ𝑖

Ƹ𝑗



Γ𝑅 =

𝑈Γ𝑅𝑈
−1 = Γ1 + Γ1′ + Γ2

For finite group, all irreducible representations 𝑫(𝑮) are unitary representation, i.e., irreducible basis is orthonormal

Unique



Fundamentals of Group Theory: Theorems

1. Rearrangement Theorems: 𝐺 = {𝑔1, 𝑔2 , 𝑔3, … , 𝑔𝑛} 𝑔𝐺 = {𝑔𝑔1, 𝑔𝑔2 , 𝑔𝑔3, … , 𝑔𝑔𝑛} ∀𝑔 ∈ 𝐺

𝐺 = 𝑔𝐺

2. Orthogonality Theorems for irreducible representations



𝑔

𝐷𝜇𝜈
𝑙2 𝑔 𝐷

𝜈′𝜇′
𝑙1 𝑔−1 =

𝑁𝐺
𝑙1
𝛿Γ1Γ2𝛿𝜇𝜇′𝛿𝜈𝜈′

𝑙1, 𝑙2 are their dimensions

Γ1, Γ2 are two inequivalent irreducible representations

3. Orthogonality Theorems for irreducible representations



𝑔

𝜒 𝑙2 𝑔 𝜒 𝑙1 𝑔−1 = 𝑁𝐺𝛿Γ1Γ2 

𝐶𝑘

𝑁𝑘𝜒
𝑙2 𝐶𝑘 𝜒∗ 𝑙1 𝐶𝑘 = 𝑁𝐺𝛿Γ1Γ2



Γ𝑗

𝑁𝑘𝜒
𝑙𝑗 𝐶𝑘 𝜒∗ 𝑙𝑗 𝐶𝑘′ = 𝑁𝐺𝛿𝑘𝑘′

𝑛𝐶 = 𝑛Γ

{𝜒 𝑙𝑗 𝐶𝑘 }


