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General Scattering Theory



𝑧

Incident particle number flux 𝒇ො𝒛:≡
𝒅𝑵𝟎

𝒅𝑨 𝒅𝒕
ො𝒛

A General Scattering Setting: Scattering Geometry

𝑯 = 𝑯𝟎 + 𝑽

𝑇

E. Koelink, Lectures on scattering theory, Delft the Netherlands 2006
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𝑡 → −∞

𝑡 → +∞

http://www.math.ru.nl/~koelink/edu/LM-dictaat-scattering.pdf


Quantum mechanics, E. Zaarur, Y. Peleg, R. Pnini, Schaum’s Easy Outlines Crash Course, Mc Graw Hill (USA), 2006

Non-relativistic flux: റ𝑗 Ψ =
−𝑖ℏ

2𝑚
Ψ†∇Ψ − Ψ∇Ψ† − 2𝑞 റ𝐴 Ψ 2 +

𝜇𝑆

𝑆
∇ × Ψ† റ𝑆Ψ

𝑧

A General Scattering Setting: Scattering Geometry

𝒇 =
𝒅𝑵𝟎

𝒅𝑨 𝒅𝒕
=
ℏ𝒌

𝒎
𝜓𝑖

𝟐𝜓𝑖 = 𝑒𝑖𝑘𝑧Plane wave

Incident particle number flux 𝒇ො𝒛:≡
𝒅𝑵𝟎

𝒅𝑨 𝒅𝒕
ො𝒛

𝑯 = 𝑯𝟎 + 𝑽

𝑇

∆𝑁 = 𝑁(∆𝑡)

𝑑Ω

𝑡 → −∞

𝑡 → +∞

𝜓𝑓(𝑟 → ∞) = 𝜓𝑖 + 𝜓𝑠

𝜓𝑠 = 𝐹 𝜃, 𝜑
𝑒𝑖𝑘𝑟

𝑟
റ𝑗𝑠 =

−𝑖ℏ

2𝑚
𝜓𝑠

𝟐𝛁𝒍𝒏
𝜓𝑠

𝜓𝒔
†
=
ℏ𝒌

𝒎

𝐹 𝜃, 𝜑 𝟐

𝒓𝟐
Ƹ𝑟

𝒅𝝈

𝒅𝜴
=

Τ𝒅𝑵 𝒅𝒕𝒅𝜴

𝒇
= 𝑭 𝜽,𝝋 𝟐

Τ𝒅𝑵 𝒅𝒕 = റ𝒋𝒔 ∙ 𝒓
𝟐𝒅𝜴ො𝒓 =

ℏ𝒌

𝒎
𝑭 𝜽,𝝋 𝟐𝒅𝜴



A General Scattering Setting: S Matrix 

𝑯 = 𝑯𝟎 + 𝑽𝐻 ൿหΨ𝛼 = 𝐸𝛼 ൿหΨ𝛼
𝐻0 ൿหΦ𝛼 = 𝐸𝛼 ൿหΦ𝛼

(𝐸𝛼−𝐻0) ൿหΨ𝛼 = 𝑉 ൿหΨ𝛼

ቚ𝜳𝜶
∓ = ൿห𝜱𝜶 +

𝟏

(𝑬𝜶−𝑯𝟎±𝒊𝝐)
𝑽 ൿห𝜱𝜶 +

𝟏

(𝑬𝜶−𝑯𝟎±𝒊𝝐)
𝑽

𝟏

(𝑬𝜶−𝑯𝟎±𝒊𝝐)
𝑽 ൿห𝜱𝜶 +⋯ =

𝟏

𝟏−
𝟏

(𝑬𝜶−𝑯𝟎±𝒊𝝐)
𝑽

ൿห𝜱𝜶

ቚ𝜳𝜶
∓ = ൿห𝜱𝜶 +

𝟏

(𝑬𝜶−𝑯𝟎 ± 𝒊𝝐)
𝑽 ቚ𝜳𝜶

∓ = ൿห𝜱𝜶 +න𝒅𝜷
𝜱𝜷

𝑽 𝜳𝜶
∓

(𝑬𝜶−𝑬𝜷 ± 𝒊𝝐)
ቚ𝜱𝜷

Lippmann-Schwinger equation

ۧ𝒊ℏ𝝏𝒕ȁ𝜳(𝒕) = 𝑯 ۧȁ𝜳(𝒕)

Closed or isolated system: 𝝏𝒕𝑯 = 𝟎 ۧȁΨ(𝑡) = 𝑒
−𝑖 𝐻(𝑡−𝑡0)

ℏ ۧȁΨ(𝑡0) = 𝑒
−𝑖 𝐻𝑡
ℏ ۧȁΨ(0)

Schrödinger picture: 

𝑓 መ𝐴 :≡ 

𝑛=0

∞

𝑎𝑛 መ𝐴
𝑛

න𝑑𝛽 ቚΦ𝛽 ൻ หΦ𝛽 = න𝑑𝛽 ቚΨ𝛽 ൻ หΨ𝛽 = 1

𝑡0 = 0

Green Function Method:

Φ𝛼 Φ𝛽 = Ψ𝛼 Ψ𝛽 = 𝜹𝜶𝜷

Steven Weinberg, Ch.3: Scattering Theory;  The Quantum Theory of Fields  Volume I

Lippmann, B. A.; Schwinger, J. (1950). "Variational Principles for Scattering Processes. I". Phys. Rev. Lett. 79 (3): 469–480.

If റ𝑟 𝐻0 റ𝑟′ =
−ℏ2

2𝑚
𝛿 റ𝑟 − റ𝑟′ 𝛻2 𝛻2 + 𝑘𝛼

2 𝛹𝛼 റ𝑟 = 𝑈(റ𝑟)𝛹𝛼 റ𝑟

𝑘𝛼 ≡
2𝑚𝐸𝛼
ℏ

𝑈(𝒓) ≡
2𝑚

ℏ2
𝑉(𝒓)

𝛻2 + 𝑘𝛼
2 𝐺± റ𝑟 − റ𝑟′ = 𝛿 റ𝑟 − റ𝑟′ 𝐺± റ𝑟 − റ𝑟′ ≡ −

1

4𝜋

𝑒±𝑖𝑘𝛼 റ𝑟− റ𝑟′

റ𝑟 − റ𝑟′

𝛹𝛼
± റ𝑟 = 𝛷𝛼 റ𝑟 + න𝑑റ𝑟′𝐺± റ𝑟 − റ𝑟′ 𝑈(റ𝑟′)𝛹𝛼

± റ𝑟′ = 𝛷𝛼 റ𝑟 + න𝑑റ𝑟′𝐺± റ𝑟 − റ𝑟′ 𝑈(റ𝑟′)𝛷𝛼 റ𝑟′ +න𝑑റ𝑟′𝐺± റ𝑟 − റ𝑟′ 𝑈(റ𝑟′)න𝑑 റ𝑟′′𝐺± റ𝑟′ − റ𝑟′′ 𝑈(റ𝑟′′)𝛹𝛼
± റ𝑟′′

1

1 − 𝑥
= 1 + 𝑥 + 𝑥2 +⋯ , 𝑥 < 1

Far Field Approximation: റ𝑟 ≫ റ𝑟′

𝐺± റ𝑟 − റ𝑟′ = −
1

4𝜋

𝑒±𝑖𝑘𝛼 റ𝑟− റ𝑟′

റ𝑟 − റ𝑟′
≈ −

1

4𝜋

𝑒±𝑖𝑘𝛼 റ𝑟 − Τറ𝑟∙ റ𝑟′ റ𝑟

റ𝑟 − Τറ𝑟 ∙ റ𝑟′ റ𝑟
≈ −

1

4𝜋

𝑒±𝑖𝑘𝛼 റ𝑟

റ𝑟
𝑒∓𝑖𝑘𝛼∙ റ𝑟

′

റ𝑟 − റ𝑟′ ≈ റ𝑟 − റ𝑟 ∙ റ𝑟′ ∕ റ𝑟

lim
𝑟→∞

𝛹𝛼
± റ𝑟 = 𝛷𝛼 റ𝑟 + 𝐹 𝜃, 𝜑

𝑒±𝑖𝑘𝛼 റ𝑟

റ𝑟

𝐹 𝜃, 𝜑 ≡ −
1

4𝜋
න𝑒∓𝑖𝑘𝛼∙ റ𝑟

′
𝑑റ𝑟′𝑈(റ𝑟′)𝛹𝛼

± റ𝑟′

(𝐸𝛼−𝐻0) 𝐺 = መ𝐼 ቚ෩Ψ𝛼 = 𝐺 𝑉 ൿหΨ𝛼

https://en.wikipedia.org/wiki/Bernard_Lippmann
https://en.wikipedia.org/wiki/Julian_Schwinger


A General Scattering Setting: S Matrix 𝜑 :≡ 𝜑 𝜑𝑔 𝛼 ≡ Ψ𝛼 Ψ(0)

𝐥𝐢𝐦
𝐭→±∞

𝚿 𝐭 −𝚽(𝐭) = 𝟎

ൿห 𝛹±(𝑡) = 𝑒
−𝑖 𝐻𝑡
ℏ න𝑑𝛼 𝑔 𝛼 ቚ𝛹𝛼

± = න𝑑𝛼 𝑔 𝛼 𝑒
−𝑖𝐸𝛼𝑡
ℏ ቚ𝛹𝛼

± ;

𝑊 ±∞ :≡ 𝐥𝐢𝐦
𝐭→±∞

𝑊 𝑡 = 𝐥𝐢𝐦
𝐭→±∞

𝑒
𝑖 𝐻𝑡
ℏ 𝑒

−𝑖 𝐻0𝑡
ℏ

ۧȁΦ(𝑡) = 𝑒
−𝑖 𝐻0𝑡
ℏ න𝑑𝛼 𝑔 𝛼 ൿหΦ𝛼 = න𝑑𝛼 𝑔 𝛼 𝑒

−𝑖𝐸𝛼𝑡
ℏ ൿหΦ𝛼

ቚΨ𝛼
± = 𝑊(±∞) ൿหΦ𝛼

Wave Operator

Steven Weinberg, Ch.3: Scattering Theory;  The Quantum Theory of Fields  Volume I

Lippmann, B. A.; Schwinger, J. (1950). "Variational Principles for Scattering Processes. I". Phys. Rev. Lett. 79 (3): 469–480.

ൿห𝛹±(𝑡) = ۧȁ𝛷(𝑡) + න𝑑𝛼 𝑔 𝛼 𝑒
−𝑖𝐸𝛼𝑡
ℏ න𝑑𝛽

𝛷𝛽 𝑉 𝛹𝛼
±

(𝐸𝛼−𝐸𝛽 ∓ 𝑖𝜖)
ቚ𝛷𝛽 = ۧȁ𝛷(𝑡) + න𝑑𝛽℘𝛽

±(𝑡) ቚ𝛷𝛽

ቚ𝛹𝛼
∓ = ൿห𝛷𝛼 +

1

(𝐸𝛼−𝐻0 ± 𝑖𝜖)
𝑉 ቚ𝛹𝛼

∓ = ൿห𝛷𝛼 +න𝑑𝛽
𝛷𝛽 𝑉 𝛹𝛼

∓

(𝐸𝛼−𝐸𝛽 ± 𝑖𝜖)
ቚ𝛷𝛽

𝒍𝒊𝒎
𝒕→±∞

ൿห𝜳±(𝒕) = ۧȁ𝜱(𝒕)

−𝒊𝑬𝜶𝒕 = −𝒊 𝑬𝜶 𝒆
𝒊𝜽 𝒕 = −𝒊 𝑬𝜶 𝒕 cos𝜽 + 𝑬𝜶 𝒕 sin 𝜽

℘𝛽
±(𝑡) ≡ න𝒅𝜶 𝒈 𝜶 𝒆

−𝒊𝑬𝜶𝒕
ℏ

𝜱𝜷
𝑽 𝜳𝜶

±

(𝑬𝜶−𝑬𝜷 ∓ 𝒊𝝐)

℘𝛽 𝑡 +∞ −∞

+ 0
𝟐𝝅𝒊𝒆

−𝒊𝑬𝜷𝒕

ℏ න𝒅𝜶𝜹 𝑬𝜶 − 𝑬𝜷 𝒈 𝜶 𝜱𝜷
𝑽 𝜳𝜶

+

- −𝟐𝝅𝒊𝒆
−𝒊𝑬𝜷𝒕

ℏ න𝒅𝜶𝜹 𝑬𝜶 − 𝑬𝜷 𝒈 𝜶 𝜱𝜷
𝑽 𝜳𝜶

−
0

𝑡 ≪ min(−𝑻, ൗ−ℏ
𝜟𝑬)

+

−𝑡 ≫ 𝑚𝑎𝑥(𝑻, ൗℏ 𝜟𝑬)

https://en.wikipedia.org/wiki/Bernard_Lippmann
https://en.wikipedia.org/wiki/Julian_Schwinger


A General Scattering Setting: S Matrix 

𝑺𝜷𝜶 = 𝜹 𝜶 − 𝜷 − 𝟐𝝅𝒊𝜹 𝑬𝜶 − 𝑬𝜷 𝜱𝜷
𝑽 𝜳𝜶

− = 𝜹 𝜶 − 𝜷 − 𝟐𝝅𝒊𝜹 𝑬𝜶 − 𝑬𝜷 𝜹𝟑 𝒑𝜶 − 𝒑𝜷 𝑴𝜷𝜶

Probability Amplitude

Scattering matrix 𝑆𝛼𝛽 = Ψ𝛼
+ Ψ𝛽

− = Φ𝛼
መ𝑆 Φ𝛽 መ𝑆: ≡ 𝑊† +∞ 𝑊 −∞ = 𝒍𝒊𝒎

𝒕→−∞,
𝝉→+∞

𝑒
𝑖 𝐻0𝜏
ℏ 𝑒

−𝑖 𝐻𝜏
ℏ 𝑒

𝑖 𝐻𝑡
ℏ 𝑒

−𝑖 𝐻0𝑡
ℏ

𝑙𝑖𝑚
𝑡→+∞

ۧȁ𝛹−(𝑡) = ۧȁ𝛷(𝑡) + 𝑙𝑖𝑚
𝑡→+∞

න𝑑𝛽 ℘𝛽
−(𝑡) ቚ𝛷𝛽 = ۧȁ𝛷(𝑡) − 𝑙𝑖𝑚

𝑡→+∞
න𝑑𝛽 ቚ𝛷𝛽 2𝜋𝑖𝑒

−𝑖𝐸𝛽𝑡

ℏ න𝑑𝛼𝛿 𝐸𝛼 − 𝐸𝛽 𝑔 𝛼 𝛷𝛽 𝑉 𝛹𝛼
−

= න𝑑𝛼 𝑔 𝛼 𝑒
−𝑖𝐸𝛼𝑡
ℏ ൿห𝛷𝛼 − 𝑙𝑖𝑚

𝑡→+∞
න𝑑𝛽 ቚ𝛷𝛽 2𝜋𝑖𝑒

−𝑖𝐸𝛽𝑡

ℏ න𝑑𝛼𝛿 𝐸𝛼 − 𝐸𝛽 𝑔 𝛼 𝛷𝛽 𝑉 𝛹𝛼
−

= 𝑙𝑖𝑚
𝑡→+∞

න𝑑𝛽𝑒
−𝑖𝐸𝛽𝑡

ℏ ቚ𝛷𝛽 𝑔 𝛽 − 2𝜋𝑖 න𝑑𝛼𝛿 𝐸𝛼 − 𝐸𝛽 𝑔 𝛼 𝛷𝛽 𝑉 𝛹𝛼
−

𝑙𝑖𝑚
𝑡→+∞

ۧȁ𝛹−(𝑡) = 𝑙𝑖𝑚
𝑡→+∞

න𝑑𝛽𝑔 𝛽 𝑒
−𝑖𝐸𝛽𝑡

ℏ ቚ𝛹𝛽
− = 𝑙𝑖𝑚

𝑡→+∞
න𝑑𝛽𝑔 𝛽 𝑒

−𝑖𝐸𝛽𝑡

ℏ න𝑑𝛼 ൿห𝛹𝛼
+ 𝛹𝛼

+ 𝛹𝛽
− = 𝑙𝑖𝑚

𝑡→+∞
න𝑑𝛽𝑔 𝛽 𝑒

−𝑖𝐸𝛽𝑡

ℏ න𝑑𝛼 ൿห𝛹𝛼
+ 𝑆𝛼𝛽

න𝑑𝛽 ቚΦ𝛽 ൻ หΦ𝛽 = න𝑑𝛽 ቚΨ𝛽 ൻ หΨ𝛽 = 1

= 𝑙𝑖𝑚
𝑡→+∞

න𝑑𝛽𝑔 𝛽 න𝑑𝛼 ൿห𝛹𝛼
+ 𝑒

−𝑖𝐸𝛼𝑡
ℏ 𝑆𝛼𝛽 = 𝑙𝑖𝑚

𝑡→+∞
න𝑑𝛽𝑔 𝛽 න𝑑𝛼 ൿห𝛷𝛼 𝑒

−𝑖𝐸𝛼𝑡
ℏ 𝑆𝛼𝛽

න𝑑𝛼𝑔 𝛼 𝑆𝛽𝛼 = 𝑔 𝛽 − 2𝜋𝑖 න𝑑𝛼𝛿 𝐸𝛼 − 𝐸𝛽 𝑔 𝛼 𝛷𝛽 𝑉 𝛹𝛼
− ∀ 𝑔 𝛼



A General Scattering Setting: Transition Rates and Cross Section
𝑆𝛽𝛼 = 𝛿 𝛼 − 𝛽 − 2𝜋𝑖𝛿 𝐸𝛼 − 𝐸𝛽 𝛷𝛽 𝑉 𝛹𝛼

− = 𝛿 𝛼 − 𝛽 − 2𝜋𝑖𝛿 𝐸𝛼 − 𝐸𝛽 𝛿3 റ𝑝𝛼 − റ𝑝𝛽 𝑀𝛽𝛼

𝑑𝑃 𝛼 → 𝛽 = 𝑆𝛼𝛽
2
𝑑𝒩𝛽 =

2𝜋𝑇

ℏ
𝛿𝑇 𝐸𝛼 − 𝐸𝛽 𝛷𝛽 𝑉 𝛹𝛼

− 2
𝑑𝒩𝛽

𝒅𝜞 𝜶 → 𝜷 =
𝒅𝑷 𝜶 → 𝜷

𝑻
=
𝟐𝝅

ℏ
𝜹𝑻 𝑬𝜶 − 𝑬𝜷 𝜱𝜷

𝑽 𝜳𝜶
− 𝟐

𝒅𝓝𝜷

Differential Transition Rate: Fermi’s Golden Rule

𝛼

𝛽, 𝛽 + 𝑑𝛽

𝑑Γ 𝛼 → 𝛽

’’in’’ ’’out’’

𝛿𝑇 𝐸𝛼 − 𝐸𝛽 =
1

2𝜋ℏ
න
−𝑇/2

𝑇/2

𝑒𝑖 𝐸𝛼−𝐸𝛽 𝑡/ℏ 𝑑𝑡 𝛿𝑇 𝐸𝛼 − 𝐸𝛽
2
= 𝛿𝑇 𝐸𝛼 − 𝐸𝛽 𝛿𝑇 0 = 𝛿𝑇 𝐸𝛼 − 𝐸𝛽

𝑇

2𝜋ℏ

𝑃 𝛼 → 𝛽 = 𝑆𝛽𝛼
2
= 4𝜋2 𝛿𝑇 𝐸𝛼 − 𝐸𝛽

2
𝛷𝛽 𝑉 𝛹𝛼

− 2

= 4𝜋2𝛿𝑇 𝐸𝛼 − 𝐸𝛽
𝑇

2𝜋ℏ
𝛷𝛽 𝑉 𝛹𝛼

− 2
=
2𝜋𝑇

ℏ
𝛿𝑇 𝐸𝛼 − 𝐸𝛽 𝛷𝛽 𝑉 𝛹𝛼

− 2

𝑑𝒩𝛽: State Number in the range 𝛽, 𝛽 + 𝑑𝛽

𝒅𝝈 𝜶 → 𝜷 =
𝒅𝜞 𝜶 → 𝜷

𝒖𝜶 ∕ 𝑽𝟎
=
𝟐𝝅𝑽𝟎
ℏ𝒖𝜶

𝜹𝑻 𝑬𝜶 − 𝑬𝜷 𝜱𝜷
𝑽 𝜳𝜶

− 𝟐
𝒅𝓝𝜷

If 𝛼 = 𝛼1 + 𝛼2 Relative Velocity 𝑢𝛼𝐸1𝐸2 = 𝑝1 ∙ 𝑝2
2 −𝑚1

2𝑚2
2

𝑝1 ∙ 𝑝2 ≡ 𝐸1𝐸2 − റ𝑝1 ∙ റ𝑝2



Neutron Scattering 

Kinematical Theory

Dynamical Theory Neutron Optics: Reflection and Imaging

Neutron Diffraction and Spectroscopy



Scattering Master Formula 

𝒅𝝈

𝒅𝜴𝒅 ℏ𝝎
=
𝒌𝒇

𝒌𝒊

𝟏

𝟐𝝅ℏ
න
−∞

∞

𝒅𝒕𝒆−𝒊𝝎𝒕 𝑨†(𝒒)𝑨(𝒒, 𝒕)

𝒅𝝈 𝒌𝒊, 𝝈𝒊 → 𝒌𝒇 + 𝒅𝒌𝒇, 𝝈𝒇

𝒅𝜴𝒅 ℏ𝝎
=

𝒎𝑉0
𝟐𝝅ℏ𝟐

𝟐
𝒌𝒇

𝒌𝒊
𝜹 𝜺𝒇 − 𝜺𝒊 − ℏ𝝎 

𝜺𝒊,𝜺𝒇

𝒑 𝜺𝒊 𝒌𝒇, 𝝈𝒇, 𝜺𝒇 𝑽 𝒌𝒊, 𝝈𝒊, 𝜺𝒊

𝟐

𝐴( റ𝑞, 𝑡) ≡
𝑚

2𝜋ℏ2
𝜎𝑓 𝑉 റ𝑞, 𝑡 𝜎𝑖

𝑉 റ𝑞, 𝑡 ≡ 𝑒𝑖𝐻𝑆𝑡/ℏ𝑉 റ𝑞 𝑒𝑖−𝐻𝑆𝑡/ℏ

𝑉 റ𝑞 ≡ න𝑑റ𝑟𝑛𝑉 റ𝑟𝑛 𝑒𝑖𝑞∙ റ𝑟𝑛 റ𝑞 ≡ 𝑘𝑖 − 𝑘𝑓



𝐿

Neutron Scattering Setting: Lab Frame

𝑡 → +∞

𝑘𝑖 , 𝜎𝑖

𝑘𝑓, 𝜎𝑓

ൿห휀𝑖 ቚ휀𝑓

𝐸𝑖 =
ℏ𝑘𝑖

2

2𝑚
+ 휀𝑖 𝐸𝑓 =

ℏ𝑘𝑓
2

2𝑚
+ 휀𝑓

𝜶 = 𝒊
ൿห𝜱𝜶 = ቚ𝑘𝑖 , 𝜎𝑖 , 휀𝑖

ቚ𝜱𝜷 = ቚ𝑘𝑓, 𝜎𝑓 , 휀𝑓

𝑢𝑖 =
ℏ𝑘𝑖
𝑚

ℏ𝜔 ≔
ℏ𝑘𝑖

2

2𝑚
−

ℏ𝑘𝑓
2

2𝑚
Born Approximation: Weak interaction, High Energy

𝒅𝓝𝜷 =
𝑉0

(2𝜋)3
𝑘𝑓

2
𝑑 𝑘𝑓 𝑑𝛺

𝒅𝝈 𝒌𝒊, 𝝈𝒊 → 𝒌𝒇 + 𝒅𝒌𝒇, 𝝈𝒇 = 

𝜀𝑖,𝜀𝑓

𝑝 휀𝑖 𝑑𝜎 𝑘𝑖 , 𝜎𝑖 , 휀𝑖 → 𝑘𝑓 , 𝜎𝑓 , 휀𝑓

𝜷 = 𝒇

𝑑Ω

𝑡 → −∞

Sample

𝑑𝜎 𝑘𝑖 , 𝜎𝑖 , 휀𝑖 → 𝑘𝑓 + 𝑑𝑘𝑓, 𝜎𝑓, 휀𝑓 =
2𝜋𝑚𝑉0
ℏ2𝑘𝑖

𝛿 휀𝑓 − 휀𝑖 − ℏ𝜔 𝑘𝑓, 𝜎𝑓, 휀𝑓 𝑉 𝑘𝑖 , 𝜎𝑖 , 휀𝑖
2 𝑚𝑘𝑓𝑉0

2𝜋 3ℏ2
𝑑(ℏ𝜔)𝑑𝛺

=
𝑚𝑉0
2𝜋ℏ2

2
𝑘𝑓

𝑘𝑖
𝛿 휀𝑓 − 휀𝑖 − ℏ𝜔 𝑘𝑓, 𝜎𝑓, 휀𝑓 𝑉 𝑘𝑖 , 𝜎𝑖 , 휀𝑖

2
𝑑 ℏ𝜔 𝑑𝛺

=
𝑉0

(2𝜋)3
𝑚𝑘𝑓

ℏ2
𝑑(ℏ𝜔)𝑑𝛺

𝒅𝝈 𝜶 → 𝜷 =
𝟐𝝅𝑽𝟎
ℏ𝒖𝜶

𝜹𝑻 𝑬𝜶 − 𝑬𝜷 𝜱𝜷
𝑽 𝜳𝜶

− 𝟐
𝒅𝓝𝜷

𝒅𝝈 𝜶 → 𝜷 =
𝟐𝝅𝑽𝟎
ℏ𝒖𝜶

𝜹𝑻 𝑬𝜶 − 𝑬𝜷 𝜱𝜷
𝑽 𝜱𝜶

𝟐
𝒅𝓝𝜷

𝑘 =
2𝜋

𝐿
𝑛1, 𝑛3, 𝑛3

𝑉0
(2𝜋)3

𝑑𝑘1𝑑𝑘2𝑑𝑘3 = 𝑑𝑛1𝑑𝑛2𝑑𝑛3

𝑑Ω ≡ sin 𝜃 𝑑𝜃𝑑𝜙

=
𝒎𝑉0
𝟐𝝅ℏ𝟐

𝟐
𝒌𝒇

𝒌𝒊
𝜹 𝜺𝒇 − 𝜺𝒊 − ℏ𝝎 

𝜺𝒊,𝜺𝒇

𝒑 𝜺𝒊 𝒌𝒇, 𝝈𝒇, 𝜺𝒇 𝑽 𝒌𝒊, 𝝈𝒊, 𝜺𝒊

𝟐

𝒅 ℏ𝝎 𝒅𝜴

റ𝑞 ≔ 𝑘𝑖 − 𝑘𝑓

𝑝 휀𝑖 : Statistical Probability of Sample Initial State Being ൿห휀𝑖



Master Formula : Scattering Function and Intermediate Function
𝒅𝝈 𝒌𝒊, 𝝈𝒊 → 𝒌𝒇 + 𝒅𝒌𝒇, 𝝈𝒇

𝒅𝜴𝒅 ℏ𝝎
=

𝒎𝑉0
𝟐𝝅ℏ𝟐

𝟐
𝒌𝒇

𝒌𝒊
𝜹 𝜺𝒇 − 𝜺𝒊 − ℏ𝝎 

𝜺𝒊,𝜺𝒇

𝒑 𝜺𝒊 𝒌𝒇, 𝝈𝒇, 𝜺𝒇 𝑽 𝒌𝒊, 𝝈𝒊, 𝜺𝒊

𝟐

𝑘𝑓, 𝜎𝑓, 휀𝑓 𝑉 𝑘𝑖 , 𝜎𝑖 , 휀𝑖 = න𝑑റ𝑟𝑛𝑑റ𝑟𝑛
′ 𝑘𝑓, 𝜎𝑓, 휀𝑓 റ𝑟𝑛 റ𝑟𝑛 𝑉 റ𝑟𝑛

′ റ𝑟𝑛
′ 𝑘𝑖 , 𝜎𝑖 , 휀𝑖 = න𝑑റ𝑟𝑛𝑑റ𝑟𝑛

′ 𝑘𝑓, 𝜎𝑓, 휀𝑓 റ𝑟𝑛 𝑉 റ𝑟𝑛 𝛿 റ𝑟𝑛 − റ𝑟𝑛
′ റ𝑟𝑛

′ 𝑘𝑖 , 𝜎𝑖 , 휀𝑖

න𝑑റ𝑟𝑛 ൿห റ𝑟𝑛 ۦ ȁറ𝑟𝑛 = 1

= න𝑑റ𝑟𝑛 𝑘𝑓, 𝜎𝑓, 휀𝑓 റ𝑟𝑛 𝑉 റ𝑟𝑛 റ𝑟𝑛 𝑘𝑖 , 𝜎𝑖 , 휀𝑖 =
1

𝑉0
න𝑑റ𝑟𝑛 𝜎𝑓, 휀𝑓 𝑉 റ𝑟𝑛 𝑒𝑖 𝑘𝑖−𝑘𝑓 ∙ റ𝑟𝑛 𝜎𝑖 , 휀𝑖 റ𝑟𝑛 𝑘𝑖 =

1

𝑉0
𝑒𝑖𝑘𝑖∙ റ𝑟𝑛

=
1

𝑉0
𝜎𝑓, 휀𝑓 𝑉 റ𝑞 𝜎𝑖 , 휀𝑖 𝑉 റ𝑞 ≡ න𝑑റ𝑟𝑛𝑉 റ𝑟𝑛 𝑒𝑖𝑞∙ റ𝑟𝑛 റ𝑞 ≡ 𝑘𝑖 − 𝑘𝑓

𝑑𝜎

𝑑𝛺𝑑 ℏ𝜔
=

𝑚

2𝜋ℏ2

2 𝑘𝑓

𝑘𝑖
𝛿 휀𝑓 − 휀𝑖 − ℏ𝜔 

𝜀𝑖,𝜀𝑓

𝑝 휀𝑖 𝜎𝑓 , 휀𝑓 𝑉 റ𝑞 𝜎𝑖 , 휀𝑖
2



𝜀𝑓

ቚ휀𝑓 ൻ ห휀𝑓 = 1

𝜹 𝜺𝒇 − 𝜺𝒊 − ℏ𝝎 =
1

2𝜋ℏ
න
−∞

∞

𝑒𝑖 𝜺𝒇−𝜺𝒊 𝑡/ℏ𝑒−𝑖𝝎𝑡 𝑑𝑡

𝒅𝝈

𝒅𝜴𝒅 ℏ𝝎
=

𝑚

2𝜋ℏ2

2 𝑘𝑓

𝑘𝑖

1

2𝜋ℏ
න
−∞

∞

𝑒𝑖 𝜺𝒇−𝜺𝒊 𝑡/ℏ𝑒−𝑖𝝎𝑡 𝑑𝑡 

𝜀𝑖,𝜀𝑓

𝑝 휀𝑖 𝜎𝑖 , 휀𝑖 𝑉
† റ𝑞 𝜎𝑓 , 휀𝑓 𝜎𝑓 , 휀𝑓 𝑉 റ𝑞 𝜎𝑖 , 휀𝑖

=
𝑚

2𝜋ℏ2

2 𝑘𝑓

𝑘𝑖

1

2𝜋ℏ
න
−∞

∞

𝑑𝑡𝑒−𝑖𝝎𝑡 

𝜀𝑖,𝜀𝑓

𝑝 휀𝑖 𝜎𝑖 , 휀𝑖 𝑉
† റ𝑞 𝜎𝑓, 휀𝑓 𝜎𝑓, 휀𝑓 𝑒

𝑖𝐻𝑆𝑡/ℏ𝑉 റ𝑞 𝑒𝑖−𝐻𝑆𝑡/ℏ 𝜎𝑖 , 휀𝑖

=
𝑚

2𝜋ℏ2

2 𝑘𝑓

𝑘𝑖

1

2𝜋ℏ
න
−∞

∞

𝑑𝑡𝑒−𝑖𝝎𝑡

𝜀𝑖

𝑝 휀𝑖 𝜎𝑖 , 휀𝑖 𝑉
† റ𝑞 𝜎𝑓 𝜎𝑓 𝑒𝑖𝐻𝑆𝑡/ℏ𝑉 റ𝑞 𝑒𝑖−𝐻𝑆𝑡/ℏ 𝜎𝑖 , 휀𝑖

=
𝒎

𝟐𝝅ℏ𝟐

𝟐 𝒌𝒇

𝒌𝒊

𝟏

𝟐𝝅ℏ
න
−∞

∞

𝒅𝒕𝒆−𝒊𝝎𝒕 𝝈𝒊 𝑽
† 𝒒 𝝈𝒇 𝝈𝒇 𝑽 𝒒, 𝒕 𝝈𝒊

𝑂 ≡

𝜀𝑖

𝑝 휀𝑖 휀𝑖 ത𝑂 휀𝑖

𝑉 റ𝑞, 𝑡 ≡ 𝑒𝑖𝐻𝑆𝑡/ℏ𝑉 റ𝑞 𝑒𝑖−𝐻𝑆𝑡/ℏ

𝐻𝑆: Sample Hamiltonian 𝐻𝑆 ۧȁ휀 = 휀 ۧȁ휀



Master Formula: Scattering Function and Intermediate Function
𝑑𝜎

𝑑𝛺𝑑 ℏ𝜔
=

𝑚

2𝜋ℏ2

2 𝑘𝑓

𝑘𝑖

1

2𝜋ℏ
න
−∞

∞

𝑑𝑡𝑒−𝑖𝜔𝑡 𝜎𝑖 𝑉† റ𝑞 𝜎𝑓 𝜎𝑓 𝑉 റ𝑞, 𝑡 𝜎𝑖

𝐴( റ𝑞, 𝑡) ≡
𝑚

2𝜋ℏ2
𝜎𝑓 𝑉 റ𝑞, 𝑡 𝜎𝑖 𝐴†( റ𝑞, 𝑡) ≡

𝑚

2𝜋ℏ2
𝜎𝑖 𝑉† റ𝑞, 𝑡 𝜎𝑓 𝐴†( റ𝑞, 0) ≡ 𝐴†( റ𝑞)

𝒅𝝈

𝒅𝜴𝒅 ℏ𝝎
=
𝒌𝒇

𝒌𝒊
𝑺 𝒒,𝝎

𝑺 𝒒,𝝎 ≡
𝟏

𝟐𝝅ℏ
න
−∞

∞

𝒅𝒕𝒆−𝒊𝝎𝒕𝑰 𝒒, 𝒕Scattering Function

𝑰 𝒒, 𝒕 ≡ 𝑨†(𝒒)𝑨(𝒒, 𝒕)Intermediate Scattering Function

𝑨†(𝒒)𝑨(𝒒, 𝒕) = 𝑨†(𝒒, 𝒕𝟎)𝑨(𝒒, 𝒕 + 𝒕𝟎)

𝑨†(𝒒)𝑨(𝒒, 𝒕) = 𝑨(𝒒) 𝑨†(𝒒,−𝒕 +
𝒊ℏ

𝒌𝑩𝑻
)

𝑨†(𝒒)𝑨(𝒒, 𝒕)
∗

= 𝑨†(𝒒, 𝒕)𝑨(𝒒)

𝑉 റ𝑟𝑛 = 𝑉† റ𝑟𝑛 𝑉 −റ𝑞 = 𝑉† റ𝑞

𝑉 റ𝑞, 𝑡 ≡ 𝑒𝑖𝐻𝑆𝑡/ℏ𝑉 റ𝑞 𝑒𝑖−𝐻𝑆𝑡/ℏ

𝑝 휀𝑖 =
𝑒
−

𝜀𝑖
𝒌𝑩𝑻

σ𝜀𝑖 𝑒
−

𝜀𝑖
𝒌𝑩𝑻

𝐴(−റ𝑞, 𝑡)𝜎𝑓→𝜎𝑖 = 𝐴†( റ𝑞, 𝑡)𝜎𝑖→𝜎𝑓

𝑨†(−𝒒)𝑨(−𝒒, 𝒕)
𝜎𝑓→𝜎𝑖

= 𝑨(𝒒)𝑨†(𝒒, 𝒕)
𝜎𝑖→𝜎𝑓

𝑨†(𝒒)𝑨(𝒒, 𝒕) = 𝑨(𝒒) 𝟐 + 𝑨†(𝒒)𝑨(𝒒, 𝒕) − 𝑨(𝒒) 𝟐

𝑨†(𝒒)𝑨(𝒒,∞) = 𝑨†(𝒒) 𝑨(𝒒,∞) = 𝑨†(𝒒) 𝑨(𝒒) = 𝑨(𝒒) 𝟐

Static Dynamic

𝑺 𝒒,𝝎 ≡
𝟏

𝟐𝝅ℏ
න
−∞

∞

𝒅𝒕𝒆−𝒊𝝎𝒕𝑰 𝒒, 𝒕 = 𝑨 𝒒 𝟐𝜹 ℏ𝝎 + ෩𝑺 𝒒,𝝎

Static, Elastic Inelastic, Dynamic

Thermal Equilibrium
Correlation function



Master Formula: Scattering Function and Intermediate Function

The Principle of Detailed Balance

𝑺 𝒒,𝝎 =
𝟏

𝟐𝝅ℏ
න
−∞

∞

𝒅𝒕𝒆−𝒊𝝎𝒕 𝑨†(𝒒)𝑨(𝒒, 𝒕)

𝑺 −𝒒,−𝝎 𝜎𝑓→𝜎𝑖 =
𝟏

𝟐𝝅ℏ
න
−∞

∞

𝒅𝒕𝒆𝒊𝝎𝒕 𝑨†(−𝒒)𝑨(−𝒒, 𝒕)
𝜎𝑓→𝜎𝑖

f

i

=
𝟏

𝟐𝝅ℏ
න
−∞

∞

𝒅𝒕𝒆𝒊𝝎𝒕 𝑨(𝒒)𝑨†(𝒒, 𝒕)
𝜎𝑖→𝜎𝑓

𝑨†(−𝒒)𝑨(−𝒒, 𝒕)
𝜎𝑓→𝜎𝑖

= 𝑨(𝒒)𝑨†(𝒒, 𝒕)
𝜎𝑖→𝜎𝑓

=
𝟏

𝟐𝝅ℏ
න
−∞

∞

𝒅𝒕𝒆𝒊𝝎𝒕 𝑨†(𝒒)𝑨(𝒒,−𝒕 +
𝒊ℏ

𝒌𝑩𝑻
)

𝜎𝑖→𝜎𝑓

𝑨†(𝒒)𝑨(𝒒, 𝒕) = 𝑨(𝒒) 𝑨†(𝒒,−𝒕 +
𝒊ℏ

𝒌𝑩𝑻
)

=
𝟏

𝟐𝝅ℏ
න
−∞

∞

𝒅𝒕𝒆−𝒊𝝎𝒕𝒆
−
ℏ𝝎
𝒌𝑩𝑻 𝑨†(𝒒)𝑨(𝒒, 𝒕)

𝜎𝑖→𝜎𝑓

= 𝒆
−
ℏ𝝎
𝒌𝑩𝑻𝑺 𝒒,𝝎 𝜎𝑖→𝜎𝑓

(1) The population of states with energy ℏ𝝎 above the ground state is proportional to 𝒆
−
ℏ𝝎

𝒌𝑩𝑻

𝑺 −𝒒,−𝝎 𝜎𝑓→𝜎𝑖
𝑺 𝒒,𝝎 𝜎𝑖→𝜎𝑓

ℏ𝝎

𝒒, 𝝎𝒒, 𝝎

ground state

(2) Scattering probability is proportional to the population of initial states 



Master Formula : Structure Factor 𝑺 𝒒
𝑺 𝒒,𝝎 =

𝟏

𝟐𝝅ℏ
න
−∞

∞

𝒅𝒕𝒆−𝒊𝝎𝒕 𝑨†(𝒒)𝑨(𝒒, 𝒕)

𝑺 𝒒 = න
−∞

∞

𝑺 𝒒,𝝎 𝒅(ℏ𝝎) =
𝟏

𝟐𝝅ℏ
න
−∞

∞

𝒅𝒕න
−∞

∞

𝒆−𝒊𝝎𝒕𝒅(ℏ𝝎) 𝑨†(𝒒)𝑨(𝒒, 𝒕)

= න
−∞

∞

𝒅𝒕𝜹 𝒕 𝑨†(𝒒)𝑨(𝒒, 𝒕) = 𝑨†(𝒒)𝑨(𝒒, 𝟎) = 𝑨†(𝒒)𝑨(𝒒) = 𝑨 𝒒 𝟐

Structure Factor 𝑺 𝒒 (1)represents both static and dynamic correlations

(2) measures equal-time, or instantaneous correlation

If thermal equilibrium, 

𝑨†(𝒒, 𝒕)𝑨(𝒒, 𝒕) = 𝑨†(𝒒)𝑨(𝒒)

𝑺 𝒒,𝝎 ≡
𝟏

𝟐𝝅ℏ
න
−∞

∞

𝒅𝒕𝒆−𝒊𝝎𝒕𝑰 𝒒, 𝒕 = 𝑺𝒆𝒍 𝒒,𝝎 + ෩𝑺 𝒒,𝝎
𝑺𝒆𝒍 𝒒,𝝎 = 𝑨 𝒒 𝟐𝜹 ℏ𝝎

𝑺 𝒒 = 𝑺𝒆𝒍 𝒒 + ෩𝑺 𝒒
Elastic structure factor 𝑺𝒆𝒍 𝒒 = 𝑨 𝒒 𝟐

Dynamic structure factor ෩𝑺 𝒒 = 𝑨 𝒒 𝟐 − 𝑨 𝒒 𝟐

e.l. Scattering from nuclei
𝑺 𝒒 : instantaneous position of nuclei;
𝑺𝒆𝒍 𝒒 : time-averaged position of nuclei;



Neutron-Nuclei Interaction



Neutron-Nuclei Interaction: Short-Range Neutron-Nuclei Strong Interaction

What we know:

(1) The accurate neutron-nuclei interaction unknow: Many-body interaction 

(3) Strong nuclear force is isotropic 

(4) 1 𝑓𝑚 ≪ 1 Å, so that intra-nucleus interference ignored and neutron’s
penetration depth (10−2𝑚) in samples is much larger than that of x-ray 
(10−4 − 10−7𝑚)

(2) The neutron-nuclei interaction depends both on the number of nucleons
in the nuclei and the total spin of  this neutron-nuclei system

𝐹 𝜃, 𝜑 ≡ −
1

4𝜋
න𝑑റ𝑟′𝑒−𝑖𝑘𝛼∙ റ𝑟

′
𝑈(റ𝑟′)𝛹𝛼

± റ𝑟′lim
𝑟→∞

𝛹𝛼
+ റ𝑟 = 𝛷𝛼 റ𝑟 + 𝐹 𝜃, 𝜑

𝑒+𝑖𝑘𝛼 റ𝑟

റ𝑟

𝑑𝜎

𝑑𝛺
= 𝐹 𝜃, 𝜑 2 𝑙𝑖𝑚

𝑘𝛼 →0
𝐹 𝜃, 𝜑 2 = 𝑏2

Scattering length 𝑏 ≔ − 𝑙𝑖𝑚
𝑘𝛼 →0

𝐹 𝜃, 𝜑 = 𝑙𝑖𝑚
𝑘𝛼 →0

1

4𝜋
𝑑 റ𝑟′𝑈(റ𝑟′)𝛹𝛼

+ റ𝑟′

𝜎 = 4𝜋𝑏2𝑆-wave dominated



Neutron-Nuclei Interaction: Fermi Pseudopotential

𝑏𝑐 = 𝑙𝑖𝑚
𝑘𝛼 →0

1

4𝜋
න𝑑റ𝑟′𝑈(റ𝑟′)𝛹𝛼

+ റ𝑟′

Born Approximation???

𝑉𝑒𝑓𝑓
𝑉(റ𝑟′)𝑑 റ𝑟′

𝑉𝑒𝑓𝑓
~40 𝑀𝑒𝑉 ≫ 𝐸𝑛

𝑈(𝒓) ≡
2𝑚

ℏ2
𝑉(𝒓)

𝑉𝑒𝑓𝑓~𝑓𝑚
3

Born Approximation does not work! 

𝑏𝑐 = 𝑙𝑖𝑚
𝑘𝛼 →0

1

4𝜋
න𝑑റ𝑟′𝑈(റ𝑟′)𝛹𝛼

+ റ𝑟′ = 𝑙𝑖𝑚
𝑘𝛼 →0

1

4𝜋
න𝑑റ𝑟′ ෩𝑈(റ𝑟′)෩𝛹𝛼

+ റ𝑟′

෩𝑈 𝒓 ≔ 10−6𝑈(10−2𝒓) 𝛹𝛼
+ 𝒓 → ෩𝛹𝛼

+ 𝒓Fermi Approximation

𝛻2 + 𝑘𝛼
2 ෩𝛹𝛼 റ𝑟 = ෩𝑈(റ𝑟)෩𝛹𝛼 റ𝑟

෨𝑉𝑒𝑓𝑓~10
6 𝑓𝑚 3

෩𝛹𝛼
± റ𝑟 = 𝛷𝛼 റ𝑟 + න𝑑റ𝑟′𝐺± റ𝑟 − റ𝑟′ ෩𝑈(റ𝑟′)෩𝛹𝛼

± റ𝑟′෩𝛹𝛼
± റ𝑟 ≈ 𝛷𝛼 റ𝑟 = 𝑒𝑖𝑘𝛼∙ റ𝑟Born Approximation!

𝑏𝑐 = 𝑙𝑖𝑚
𝑘𝛼 →0

1

4𝜋
න𝑑റ𝑟′ ෩𝑈(റ𝑟′)෩𝛹𝛼

+ റ𝑟′ ≈ 𝑙𝑖𝑚
𝑘𝛼 →0

1

4𝜋
න𝑑റ𝑟′ ෩𝑈 റ𝑟′ 𝑒𝑖𝑘𝛼∙ റ𝑟

′
=

1

4𝜋
න𝑑റ𝑟′ ෩𝑈 റ𝑟′

Since still 100 𝑓𝑚 ≪ 1 Å, ෩𝑈 റ𝑟 ≈ 𝑎𝛿 റ𝑟 𝑏𝑐 =
1

4𝜋
න𝑑റ𝑟′𝑎𝛿 റ𝑟 =

𝑎

4𝜋
෩𝑈 റ𝑟 = 4𝜋𝑏𝑐𝛿 റ𝑟 =

2𝑚

ℏ2
𝑉(𝒓)

𝑽 𝒓 =
𝟐𝝅ℏ𝟐

𝒎
𝑏𝑐𝜹 𝒓Fermi Pseudopotential

X.-L. Zhou, S.-H. Chen, Physics Reports 257 (1995) 223-348

40 𝑀𝑒𝑉 0.02 𝑚𝑒𝑉



Neutron-Nuclei Interaction: Fermi Contact Interaction

𝑽 𝒓 =
𝟐𝝅ℏ𝟐

𝒎
𝒃𝒄𝜹 𝒓 + 𝟐∆റ𝑰 ∙ 𝒔𝜹 𝒓 =

𝟐𝝅ℏ𝟐

𝒎
𝒃𝒓𝜹 𝒓

റ𝑱 =
റ𝑰 + 𝒔 𝑱𝟐 = 𝑰𝟐 + ො𝒔𝟐 + 𝟐

റ𝑰 ∙ 𝒔 𝑱𝟐, 𝑱𝒛, 𝑰
𝟐, ො𝒔𝟐 commute with each other and share common eigenstates ൿห𝐽, 𝐽𝑧 , 𝐼, 𝑠

𝑱𝟐, 𝑱𝒛, 𝑰
𝟐, ො𝒔𝟐 ൿห𝑱, 𝑱𝒛, 𝑰, 𝒔 = 𝑱 𝑱 + 𝟏 ℏ, 𝑱𝒛ℏ, 𝑰 𝑰 + 𝟏 ℏ, 𝒔(𝒔 + 𝟏)ℏ ൿห𝑱, 𝑱𝒛, 𝑰, 𝒔

𝟐
റ𝑰 ∙ 𝒔 = 𝑱𝟐 − 𝑰𝟐 − ො𝒔𝟐 = 𝐽 𝐽 + 1 ℏ − 𝐼 𝐼 + 1 ℏ − 𝑠(𝑠 + 1)ℏ

𝐽 = 𝐼 +
1

2
, 𝐼 −

1

2
𝐽𝑧 = −𝐽,−𝐽 + 1, … 𝐽

𝟐
റ𝑰 ∙ 𝒔 ඁȁ𝐼 +

1

2
, 𝐽𝑧 = 𝐼 ඁȁ𝐼 +

1

2
, 𝐽𝑧

ඁȁ𝐼 +
1

2
, 𝐽𝑧 ≡ ඁቤ𝐼 +

1

2
, 𝐽𝑧 , 𝐼, 𝑠 =

1

2

𝟐
റ𝑰 ∙ 𝒔 ඁȁ𝐼 −

1

2
, 𝐽𝑧 = −(𝐼 + 1) ඁȁ𝐼 −

1

2
, 𝐽𝑧

2 𝐼 +
1

2
+ 1 = 2𝐼 + 2-fold degenerate

2 𝐼 −
1

2
+ 1 = 2𝐼−fold degenerate

ඁȁ𝐼 −
1

2
, 𝐽𝑧 ≡ ඁቤ𝐼 −

1

2
, 𝐽𝑧 , 𝐼, 𝑠 =

1

2

∆ is a certain constant

റ𝑰

𝒔

ඁȁ𝐼 +
1

2
, 𝐽𝑧

ඁȁ𝐼 −
1

2
, 𝐽𝑧

𝑠 =
1

2

Define 𝑏𝑟+, 𝑏𝑟−, 𝑏𝑖

𝒃𝒓 ඁȁ𝐼 +
1

2
, 𝐽𝑧 = 𝑏𝑟+ ඁȁ𝐼 +

1

2
, 𝐽𝑧

𝒃𝒓 ඁȁ𝐼 −
1

2
, 𝐽𝑧 = 𝑏𝑟− ඁȁ𝐼 −

1

2
, 𝐽𝑧

𝒃𝒓 = 𝒃𝒄 + 𝟐∆റ𝑰 ∙ 𝒔

𝑏𝑐 =
1

2𝐼 + 1
𝐼 + 1 𝑏𝑟+ + 𝐼𝑏𝑟− ∆=

1

2𝐼 + 1
𝑏𝑟+ − 𝑏𝑟−

𝒃𝒓 : = 𝒃𝒓+ ∙
𝟐𝑰 + 𝟐

𝟒𝑰 + 𝟐
+ 𝒃𝒓− ∙

𝟐𝑰

𝟒𝑰 + 𝟐
= 𝒃𝒄

𝑏𝑖: = 𝒃𝒓
𝟐
− 𝒃𝒓

2

𝑏𝑖 = 𝑏𝑟+
2 ∙

𝟐𝑰 + 𝟐

𝟒𝑰 + 𝟐
+ 𝑏𝑟−

2 ∙
𝟐𝑰

𝟒𝑰 + 𝟐
− 𝑏𝑐

2 =
𝐼 𝐼 + 1 𝑏𝑟+ − 𝑏𝑟−

2𝐼 + 1

Incoherent scattering length

𝒃𝒄: coherent scattering length

𝒃𝒓 = 𝒃𝒄 −
𝑏𝑖

𝐼 𝐼 + 1
𝟐റ𝑰 ∙ 𝒔



Neutron-Nuclei Interaction: Neutron Absorption and Absorption Cross Section

(1) Absorption mechanism: four types of nuclear reaction 𝑛, 𝛾 , 𝑛, 𝑓𝑖𝑠𝑠𝑖𝑜𝑛 , 𝑛, 𝑝 𝑎𝑛𝑑 𝑛, 𝛼

(2) Only 4𝐻𝑒 and 3𝐻 has no neutron absorption; many light nuclides have very weak thermal absorption

(3) Heavy nuclides tend to have more significant neutron absorption than light ones.

(4) 𝑛, 𝛾 is the dominant mechanism for thermal neutron absorption

𝑈 𝒓 = 𝑈𝑟 𝒓 + 𝒊𝑈𝑖 𝒓 𝑉𝑟 𝒓 ≈ 𝟒𝟐𝑴𝒆𝑽, 𝑉𝑖 𝒓 ≈ 𝟐𝑴𝒆𝑽

𝑏 = 𝑏𝑟 − 𝑖𝑏𝑎 𝑏 = 𝑙𝑖𝑚
𝑘𝛼 →0

1

4𝜋
න𝑑റ𝑟′𝑈𝑟( റ𝑟

′)𝛹𝛼
+ റ𝑟′

𝑈(𝒓) ≡
2𝑚

ℏ2
(𝑉𝑟 𝒓 + 𝒊𝑉𝑖 𝒓 )

𝑏𝑎 = − 𝑙𝑖𝑚
𝑘𝛼 →0

1

4𝜋
න𝑑റ𝑟′𝑈𝑖(റ𝑟

′)𝛹𝛼
+ റ𝑟′

𝛻2 + 𝑘𝛼
2 𝛹𝛼 റ𝑟 = 𝑈(റ𝑟)𝛹𝛼 റ𝑟 න𝑑റ𝑟𝛹𝛼

† റ𝑟 𝛻2 + 𝑘𝛼
2 𝛹𝛼 റ𝑟 = න𝑑റ𝑟𝛹𝛼

† റ𝑟 𝑈(റ𝑟)𝛹𝛼 റ𝑟

න𝑑റ𝑟𝛹𝛼
† റ𝑟 𝛻2𝛹𝛼 റ𝑟 = න𝑑റ𝑟 𝑈 റ𝑟 𝛹𝛼 റ𝑟 2 −න𝑑റ𝑟 𝑘𝛼

2 𝛹𝛼 റ𝑟 2 𝛹𝛼
† റ𝑟 𝛻2𝛹𝛼 റ𝑟 = 𝛻 ∙ 𝛹𝛼

† റ𝑟 𝛻𝛹𝛼 റ𝑟 − 𝛻 ∙ 𝛹𝛼
† റ𝑟 𝛻𝛹𝛼 റ𝑟

න𝑑 റ𝑟 𝛻 ∙ 𝛹𝛼
† റ𝑟 𝛻𝛹𝛼 റ𝑟 − 𝛻 ∙ 𝛹𝛼

† റ𝑟 𝛻𝛹𝛼 റ𝑟 = න𝑑റ𝑟 𝑈 റ𝑟 𝛹𝛼 റ𝑟 2 −න𝑑റ𝑟 𝑘𝛼
2 𝛹𝛼 റ𝑟 2

න𝑑 റ𝑆 ∙ 𝛹𝛼
† റ𝑟 𝛻𝛹𝛼 റ𝑟 = න𝑑റ𝑟 𝑈 റ𝑟 𝛹𝛼 റ𝑟 2 +න𝑑റ𝑟 𝛻𝛹𝛼 റ𝑟 2 − 𝑘𝛼

2 𝛹𝛼 റ𝑟 2

റ𝑗 Ψ =
−𝑖ℏ

2𝑚
Ψ†∇Ψ−Ψ∇Ψ†

න𝑑 റ𝑆 ∙ റ𝑗 Ψ =
−𝑖ℏ

2𝑚
න𝑑റ𝑟 𝑈 റ𝑟 − 𝑈† റ𝑟 𝛹𝛼 റ𝑟 2 =

ℏ

𝑚
න𝑑റ𝑟 𝑈𝑖 𝒓 𝛹𝛼 റ𝑟 2

𝛷𝛼 റ𝑟 = 𝑒𝑖𝑘𝛼∙ റ𝑟

റ𝑗 𝛷𝛼 റ𝑟 =
−𝑖ℏ

2𝑚
𝛷𝛼 റ𝑟 †∇𝛷𝛼 റ𝑟 − 𝛷𝛼 റ𝑟 ∇𝛷𝛼 റ𝑟 † =

ℏ𝑘𝛼
𝑚

𝝈𝒂 =
𝑑− റ𝑆 ∙ റ𝑗 Ψ

റ𝑗 𝛷𝛼 റ𝑟
= −

1

𝑘𝛼
න𝑑റ𝑟 𝑈𝑖 𝒓 𝛹𝛼 റ𝑟 2 ≈ −

1

𝑘𝛼
න𝑑റ𝑟 𝑈𝑖 𝒓 𝛷𝛼 റ𝑟 2 = −

1

𝑘𝛼
න𝑑റ𝑟 𝑈𝑖 𝒓 =

4𝜋𝑏𝑎
𝑘𝛼



Neutron-Nuclei Interaction: Material Medium
𝑑𝜎

𝑑𝛺𝑑 ℏ𝜔
=

𝑚

2𝜋ℏ2

2 𝑘𝑓

𝑘𝑖

1

2𝜋ℏ
න
−∞

∞

𝑑𝑡𝑒−𝑖𝜔𝑡 𝜎𝑖 𝑉† റ𝑞 𝜎𝑓 𝜎𝑓 𝑉 റ𝑞, 𝑡 𝜎𝑖

𝑉 റ𝑞 ≡ න𝑑റ𝑟𝑉 റ𝑟 𝑒𝑖𝑞∙ റ𝑟

𝑉 റ𝑞, 𝑡 ≡ 𝑒𝑖𝐻𝑆𝑡/ℏ𝑉 റ𝑞 𝑒−𝑖𝐻𝑆𝑡/ℏ

𝑽 𝒓 =
𝟐𝝅ℏ𝟐

𝒎


𝒋

𝒃𝒋𝜹 𝒓 − 𝒓𝒋
𝒃𝒋 ≡ 𝒃𝒋;𝒓 + 𝒊𝒃𝒋;𝒂 = 𝒃𝒋;𝒄 −

𝑏𝑗;𝑖

𝐼𝑗 𝐼𝑗 + 1

𝟐റ𝑰𝒋 ∙ 𝒔 + 𝒊𝑏𝑗;𝑎

𝑉 റ𝑞 ≡ න𝑑റ𝑟𝑉 റ𝑟 𝑒𝑖𝑞∙ റ𝑟 =
2𝜋ℏ2

𝑚


𝑗

𝑏𝑗𝑒
𝑖𝑞∙ റ𝑟𝑗

𝑉 റ𝑞, 𝑡 ≡ 𝑒
𝑖𝐻𝑆𝑡
ℏ 𝑉 റ𝑞 𝑒

−𝑖𝐻𝑆𝑡
ℏ =

2𝜋ℏ2

𝑚


𝑗

𝑒
𝑖𝐻𝑆𝑡
ℏ 𝑏𝑗𝑒

𝑖𝑞∙ റ𝑟𝑗𝑒
−𝑖𝐻𝑆𝑡
ℏ =

2𝜋ℏ2

𝑚


𝑗

𝑒
𝑖𝐻𝑆𝑡
ℏ 𝑏𝑗𝑒

−𝑖𝐻𝑆𝑡
ℏ 𝑒

𝑖𝐻𝑆𝑡
ℏ 𝑒𝑖𝑞∙ റ𝑟𝑗𝑒

−𝑖𝐻𝑆𝑡
ℏ =

2𝜋ℏ2

𝑚


𝑗

𝑏𝑗(𝑡)𝑒
𝑖𝑞∙ റ𝑟𝑗(𝑡)

𝑒
𝑖𝐻𝑆𝑡
ℏ 𝑒𝑖𝑞∙𝒓𝒋𝑒

−𝑖𝐻𝑆𝑡
ℏ = 

𝑛=0

∞

𝑒
𝑖𝐻𝑆𝑡
ℏ

(𝑖 റ𝑞 ∙ 𝒓𝒋)
𝑛

𝑛!
𝑒
−𝑖𝐻𝑆𝑡
ℏ = 

𝑛=0

∞
(𝑖 റ𝑞 ∙ 𝒓𝒋(𝑡))

𝑛

𝑛!
= 𝑒𝑖𝑞∙𝒓𝒋(𝑡)

𝑒
𝑖𝐻𝑆𝑡

ℏ መ𝐴𝑛𝑒
−𝑖𝐻𝑆𝑡

ℏ = 𝑒
𝑖𝐻𝑆𝑡

ℏ መ𝐴𝑒
−𝑖𝐻𝑆𝑡

ℏ 𝑒
𝑖𝐻𝑆𝑡

ℏ መ𝐴𝑒
−𝑖𝐻𝑆𝑡

ℏ … 𝑒
𝑖𝐻𝑆𝑡

ℏ መ𝐴𝑒
−𝑖𝐻𝑆𝑡

ℏ = መ𝐴(𝑡)
𝑛

መ𝐴 𝑡 ≡ 𝑒
𝑖𝐻𝑆𝑡
ℏ መ𝐴𝑒

−𝑖𝐻𝑆𝑡
ℏ

Define መ𝛽𝑗 𝑡 ≔ 𝜎𝑓 𝑏𝑗(𝑡) 𝜎𝑖 𝜎𝑓 𝑉 റ𝑞, 𝑡 𝜎𝑖 =
2𝜋ℏ2

𝑚


𝑗

መ𝛽𝑗 𝑡 𝑒
𝑖𝑞∙ റ𝑟𝑗(𝑡)

𝑰 𝒒, 𝒕 =
𝒎

𝟐𝝅ℏ𝟐

𝟐

𝝈𝒊 𝑽
† 𝒒 𝝈𝒇 𝝈𝒇 𝑽 𝒒, 𝒕 𝝈𝒊 =

𝒋,𝒍

𝒆−𝒊𝒒∙𝒓𝒋𝜷𝒋
†𝜷𝒍 𝒕 𝒆

𝒊𝒒∙𝒓𝒍(𝒕)

𝒓𝒋 = 𝒓𝒋(𝟎)

መ𝛽𝑗 = መ𝛽𝑗 0

𝒅𝝈

𝒅𝜴𝒅 ℏ𝝎
=
𝒌𝒇

𝒌𝒊
𝑺 𝒒,𝝎 𝑺 𝒒,𝝎 ≡

𝟏

𝟐𝝅ℏ
න
−∞

∞

𝒅𝒕𝒆−𝒊𝝎𝒕𝑰 𝒒, 𝒕

Scattering Length Density 𝝆𝑺𝑳 𝒓 = σ𝒋
𝒃𝒋𝜹 𝒓 − 𝒓𝒋

𝝆𝑺𝑳 𝒓 =

𝑴

𝒃𝑴𝝆𝑴 𝒓 ;𝝆𝑴 𝒓 : density of type M nucleus



Neutron-Nuclei Interaction: Coherent and Incoherent Cross Section

𝐼 റ𝑞, 𝑡 = 

𝑗,𝑙

𝑒−𝑖𝑞∙ റ𝑟𝑗 መ𝛽𝑗
† መ𝛽𝑙 𝑡 𝑒

𝑖𝑞∙ റ𝑟𝑙(𝑡)Assumptions:

(1) The motion of atoms is decoupled from the internal 
states of nuclei(characterized by scattering length)  

𝑰 𝒒, 𝒕 =

𝒋,𝒍

𝒆−𝒊𝒒∙𝒓𝒋𝜷𝒋
†𝜷𝒍 𝒕 𝒆

𝒊𝒒∙𝒓𝒍(𝒕) =

𝒋,𝒍

𝜷𝒋
†𝜷𝒍 𝒕 𝒆−𝒊𝒒∙𝒓𝒋𝒆𝒊𝒒∙𝒓𝒍(𝒕)

መ𝛽𝑗 𝑡 ≔ 𝜎𝑓 𝑏𝑗(𝑡) 𝜎𝑖 ;

Counterexamples: isotopically labelled systems;
strong nuclei-nuclei exchange interactions; nuclear spin-ordered system

(2) Nuclear spin dynamics are sufficiently slow relative 
to the neutron-nuclei interaction 

𝜷𝒋
†𝜷𝒍 𝒕 = 𝜷𝒋

†𝜷𝒍 𝟎 = 𝜷𝒋
†𝜷𝒍

(3)  Different isotopes and/or spin states are distributed 
randomly among the sites for a given atomic species

𝜷𝒋
†𝜷𝒍 = 𝜷𝒋

†𝜷𝒍 = ൞
𝜷𝒍

𝟐
𝒋 = 𝒍

ഥ𝜷𝒋
†ഥ𝜷𝒍 𝒋 ≠ 𝒍

𝑏𝑗 𝑡 ≡ 𝑒
𝑖𝐻𝑆𝑡
ℏ 𝑏𝑗𝑒

−𝑖𝐻𝑆𝑡
ℏ

𝑏𝑗 ≡ 𝑏𝑗;𝑟 + 𝑖𝑏𝑗;𝑎 = 𝑏𝑗;𝑐 −
𝑏𝑗;𝑖

𝐼𝑗 𝐼𝑗 + 1

2റ𝐼𝑗 ∙ റ𝑠 + 𝑖𝑏𝑗;𝑎

𝑂 ≡

𝜀𝑖

𝑝 휀𝑖 휀𝑖 ത𝑂 휀𝑖 𝑝 휀𝑖 =
𝑒
−

𝜀𝑖
𝑘𝐵𝑇

σ𝜀𝑖 𝑒
−

𝜀𝑖
𝑘𝐵𝑇

ത𝑂: averaged over different isotopes and nuclear spin states

Counterexamples: strong nuclei-nuclei exchange interactions;
large isotopic difference   

𝑰 𝒒, 𝒕 =

𝒋≠𝒍

ഥ𝜷𝒋
†ഥ𝜷𝒍 𝒆

−𝒊𝒒∙𝒓𝒋𝒆𝒊𝒒∙𝒓𝒍(𝒕) +

𝒍

𝜷𝒍
𝟐
𝒆−𝒊𝒒∙𝒓𝒍𝒆𝒊𝒒∙𝒓𝒍(𝒕)

=

𝒋,𝒍

ഥ𝜷𝒋
†ഥ𝜷𝒍 𝒆

−𝒊𝒒∙𝒓𝒋𝒆𝒊𝒒∙𝒓𝒍(𝒕) +

𝒍

𝜷𝒍
𝟐
− ഥ𝜷𝒍

𝟐
𝒆−𝒊𝒒∙𝒓𝒍𝒆𝒊𝒒∙𝒓𝒍(𝒕)

𝑰𝒄𝒐𝒉 𝒒, 𝒕 𝑰𝒊𝒏𝒄 𝒒, 𝒕

𝒅𝝈

𝒅𝜴𝒅 ℏ𝝎
=
𝒌𝒇

𝒌𝒊
𝑺 𝒒,𝝎 𝑺 𝒒,𝝎 ≡

𝟏

𝟐𝝅ℏ
න
−∞

∞

𝒅𝒕𝒆−𝒊𝝎𝒕𝑰 𝒒, 𝒕



Neutron-Nuclei Interaction: Unpolarized Neutron Case 

𝑰 𝒒, 𝒕 =

𝒋,𝒍

ഥ𝜷𝒋
†ഥ𝜷𝒍 𝒆

−𝒊𝒒∙𝒓𝒋𝒆𝒊𝒒∙𝒓𝒍(𝒕) +

𝒍

𝜷𝒍
𝟐
− ഥ𝜷𝒍

𝟐
𝒆−𝒊𝒒∙𝒓𝒍𝒆𝒊𝒒∙𝒓𝒍(𝒕)

𝒅𝝈

𝒅𝜴𝒅 ℏ𝝎
=
𝒌𝒇

𝒌𝒊
𝑺 𝒒,𝝎 𝑺 𝒒,𝝎 ≡

𝟏

𝟐𝝅ℏ
න
−∞

∞

𝒅𝒕𝒆−𝒊𝝎𝒕𝑰 𝒒, 𝒕𝒅𝝈

𝒅𝜴𝒅 ℏ𝝎
𝒖𝒏𝒑𝒐𝒍

= 

𝜎𝑖𝜎𝑓

𝒅𝝈

𝒅𝜴𝒅 ℏ𝝎

𝜷𝒋 = 𝝈𝒇 𝒃𝒋 𝝈𝒊 → 𝒃𝒋 → 𝒃𝒋 𝒊𝒔𝒐;𝒔𝒑𝒊𝒏 = ഥ𝒃𝒋

𝒅𝝈

𝒅𝜴𝒅 ℏ𝝎
𝒖𝒏𝒑𝒐𝒍;𝒄𝒐𝒉

=
𝒌𝒇

𝒌𝒊

𝟏

𝟐𝝅ℏ


𝒋,𝒍

ഥ𝒃𝒋
∗ഥ𝒃𝒍න

−∞

∞

𝒅𝒕𝒆−𝒊𝝎𝒕 𝒆−𝒊𝒒∙𝒓𝒋𝒆𝒊𝒒∙𝒓𝒍(𝒕)

𝒅𝝈

𝒅𝜴𝒅 ℏ𝝎
𝒖𝒏𝒑𝒐𝒍;𝒊𝒏𝒄

=
𝒌𝒇

𝒌𝒊

𝟏

𝟐𝝅ℏ


𝒍

𝝈𝒊𝒏𝒄 𝒍

𝟒𝝅
න
−∞

∞

𝒅𝒕𝒆−𝒊𝝎𝒕 𝒆−𝒊𝒒∙𝒓𝒍𝒆𝒊𝒒∙𝒓𝒍(𝒕) 𝝈𝒊𝒏𝒄 𝒍 ≡ 𝒃𝒍
𝟐 − ഥ𝒃𝒍

𝟐



Neutron-Nuclei Interaction: Crystalline Solids

റ𝑙

𝒅

𝒓𝒍𝒅 𝒕 = റ𝑙 + 𝒅 + 𝒖𝒍𝒅 𝒕



𝒋,𝒍

ഥ𝒃𝒋
∗ഥ𝒃𝒍 𝒆

−𝒊𝒒∙𝒓𝒋𝒆𝒊𝒒∙𝒓𝒍(𝒕) = 

𝒋,𝒍

ഥ𝒃𝒋
∗ഥ𝒃𝒍𝒆

−𝒊𝒒∙𝒓𝒋𝒆𝒊𝒒∙𝒓𝒍(𝒕)

= 

റ𝑙,𝒅,റ𝑙′,𝒅′

ഥ𝒃
𝒅′
∗ ഥ𝒃𝒅𝒆

−𝒊𝒒∙(റ𝑙′+𝒅′)𝒆𝒊𝒒∙
റ𝑙+𝒅+𝒖𝒍𝒅 𝒕

= 𝑵

റ𝑙

𝒆𝒊𝒒∙
റ𝑙

𝒅,𝒅′

ഥ𝒃
𝒅′
∗ ഥ𝒃𝒅𝒆

𝒊𝒒∙(𝒅−𝒅′) 𝒆−𝒊𝒒∙𝒖𝟎𝒅′𝒆𝒊𝒒∙𝒖𝒍𝒅 𝒕

𝒅𝝈

𝒅𝜴𝒅 ℏ𝝎
𝒖𝒏𝒑𝒐𝒍;𝒄𝒐𝒉

=
𝒌𝒇

𝒌𝒊

𝑵

𝟐𝝅ℏ


റ𝑙

𝒆𝒊𝒒∙
റ𝑙 

𝒅,𝒅′

ഥ𝒃
𝒅′
∗ ഥ𝒃𝒅𝒆

𝒊𝒒∙(𝒅−𝒅′)න
−∞

∞

𝒅𝒕𝒆−𝒊𝝎𝒕 𝒆−𝒊𝒒∙𝒖𝟎𝒅′𝒆𝒊𝒒∙𝒖𝒍𝒅 𝒕

𝒅𝝈

𝒅𝜴𝒅 ℏ𝝎
𝒖𝒏𝒑𝒐𝒍;𝒊𝒏𝒄

=
𝒌𝒇

𝒌𝒊

𝑵

𝟐𝝅ℏ


𝒅

𝝈𝒊𝒏𝒄 𝒅

𝟒𝝅
න
−∞

∞

𝒅𝒕𝒆−𝒊𝝎𝒕 𝒆−𝒊𝒒∙𝒖𝒅′𝒆𝒊𝒒∙𝒖𝒅 𝒕
𝝈𝒊𝒏𝒄 𝒅 ≡ 𝒃𝒅

𝟐 − ഥ𝒃𝒅
𝟐



റ𝑙

𝒆𝒊𝒒∙
റ𝑙 =

𝟐𝝅 𝟑

𝒗𝟎


𝑮

𝜹 𝒒 − 𝑮

Bragg Condition

𝒗𝟎: volume of unit cell

𝑒−𝑖𝑞∙𝑢0𝑑′𝑒𝑖𝑞∙𝑢𝑙𝑑 𝑡 = 𝑒𝑈𝑒𝑉 = 𝑒−𝑊𝑑−𝑊𝑑′𝑒 𝑈𝑉 = 𝑒−𝑊𝑑−𝑊𝑑′ 1 + 𝑈𝑉 +
1

2!
𝑈𝑉 2

𝑼 = −𝒊𝒒 ∙ 𝒖𝟎𝒅′

𝑽 = 𝒆𝒊𝒒∙𝒖𝒍𝒅 𝒕

𝑾𝒅 =
𝟏

𝟐
𝒒 ∙ 𝒖𝒅

𝟐
elastic One-phonon two-phonon



Magnetic Interaction



Magnetic Interaction : Dipole-Dipole Interaction 

𝑣𝑀 𝑅 = − റ𝜇𝑛 ∙ 𝐵(𝑅) റ𝜇𝑛 ≡ −2𝛾𝑛𝜇𝑁 റ𝑠𝑛
Neutron gyromagetic ratio 𝛾𝑛 = 1.913

Nuclear magneton: 𝜇𝑁 =
𝑒ℏ

2𝑚𝑝
𝑚𝑝: mass of proton

𝐵 റ𝑟 = 𝐵𝑆 𝑅 + 𝐵𝐿 𝑅

𝐵𝑆 𝑅 =
𝜇0
4𝜋

∇ ×
റ𝜇𝑒 × 𝑅

𝑟3
= −2𝜇𝐵

𝜇0
4𝜋

∇ ×
റ𝑠 × 𝑅

𝑟3

𝑅 = റ𝑟𝑛 − റ𝑟𝑒

𝐵𝐿 𝑅 =
𝜇0
4𝜋

𝑒 റ𝑣𝑒 × 𝑅

𝑟3
= −2𝜇𝐵

𝜇0
4𝜋

1

ℏ

റ𝑝 × 𝑅

𝑟3

റ𝜇𝑒 ≡ −2𝜇𝐵 റ𝑠

Bohr magneton 𝜇𝐵 =
𝑒ℏ

2𝑚𝑒

𝑽𝑴 𝒓 =

𝒋

𝒗𝑴;𝒋 = 𝟐𝜸𝒏𝝁𝑵𝒔𝒏 ∙

𝒋

𝑩𝒋(𝒓)

= −
𝝁𝟎
𝝅
𝜸𝒏𝝁𝑩𝝁𝑵𝒔𝒏 ∙

𝒋

𝜵 ×
𝒔𝒋 × 𝑹𝒋

𝑹𝒋
𝟑 +

𝟏

ℏ

𝒑𝒋 × 𝑹𝒋

𝑹𝒋
𝟑

𝑅𝑗 = റ𝑟 − റ𝑟𝑗

𝑉𝑀 റ𝑞 ≡ න𝑑റ𝑟𝑒𝑖𝑞∙ റ𝑟𝑉𝑀 റ𝑟 = 2𝛾𝑛𝜇𝑁 റ𝑠𝑛 ∙

𝑗

𝐵𝑆;𝑗( റ𝑞) + 𝐵𝐿;𝑗( റ𝑞)

𝐵𝑆;𝑗 റ𝑞 ≡ −2𝜇𝐵
𝜇0
4𝜋

න𝑑റ𝑟𝑒𝑖𝑞∙ റ𝑟∇ ×
റ𝑠𝑗 × 𝑅𝑗

𝑅𝑗
3

𝐵𝐿;𝑗 റ𝑞 ≡ −2𝜇𝐵
𝜇0
4𝜋

න𝑑റ𝑟
1

ℏ

റ𝑝𝑗 × 𝑅𝑗

𝑅𝑗
3 𝑒𝑖𝑞∙ റ𝑟

= −2𝜇𝐵𝜇0 ො𝑞 × റ𝑠𝑗 × ො𝑞 𝑒𝑖𝑞∙ റ𝑟𝑗

= −2𝜇𝐵𝜇0
𝑖

ℏ𝑞
𝑒𝑖𝑞∙ റ𝑟𝑗 റ𝑝𝑗 × ො𝑞

= −4𝛾𝑛𝜇0𝜇𝐵𝜇𝑁 റ𝑠𝑛 ∙

𝑗

𝑒𝑖𝑞∙ റ𝑟𝑗 ො𝑞 × റ𝑠𝑗 × ො𝑞 +
𝑖

ℏ𝑞
റ𝑝𝑗 × ො𝑞

𝑉𝑀 റ𝑞 ∝ 2𝛾𝑛𝜇0𝜇𝐵𝜇𝑁 = 2𝛾𝑛𝜇0
𝑒ℏ

2𝑚𝑒

𝑒ℏ

2𝑚𝑝
=
𝛾𝑛𝜇0𝑒

2ℏ2

2𝑚𝑒𝑚𝑝

𝑉 റ𝑞 ≡ න𝑑റ𝑟𝑉 റ𝑟 𝑒𝑖𝑞∙ റ𝑟 =
2𝜋ℏ2

𝑚


𝑗

𝑏𝑗𝑒
𝑖𝑞∙ റ𝑟𝑗

𝑉𝑁 റ𝑞 ∝
2𝜋ℏ2

𝑚
𝑏𝑐

𝑽𝑴 𝒒

𝑽𝑵 𝒒
~
𝟑. 𝟎𝟕𝟓𝒇𝒎

𝒃𝒄
~𝟏



Magnetic Interaction : Dipole-Dipole Interaction 

𝑽𝑴 𝒒 = −𝟒𝜸𝒏𝝁𝟎𝝁𝑩𝝁𝑵𝒔𝒏 ∙

𝒋

𝒆𝒊𝒒∙𝒓𝒋 ෝ𝒒 × 𝒔𝒋 × ෝ𝒒 +
𝒊

ℏ𝒒
𝒑𝒋 × ෝ𝒒

𝑀𝑆 𝒒 := න𝑑റ𝑟𝑒𝑖𝑞∙ റ𝑟𝑀𝑆 𝒓 = −2𝜇𝐵

𝒋

𝒆𝒊𝒒∙𝒓𝒋𝒔𝒋Define Spin Magnetization Density 𝑀𝑆 𝒓 = −2𝜇𝐵 σ𝒋 𝒔𝒋𝜹 𝒓 − 𝒓𝒋



𝒋

𝒆𝒊𝒒∙𝒓𝒋
𝒊

ℏ𝒒
𝒑𝒋 × ෝ𝒒 =

𝒊

𝟐ℏ𝒒


𝒋

𝒆𝒊𝒒∙𝒓𝒋 𝒑𝒋 × ෝ𝒒 + 𝒑𝒋 × ෝ𝒒 𝒆𝒊𝒒∙𝒓𝒋

𝒒 ∙ 𝒓𝒋, 𝒑𝒋 × ෝ𝒒 = 0

=
−𝒊

𝟐ℏ𝒒
ෝ𝒒 ×

𝒋

𝒆𝒊𝒒∙𝒓𝒋𝒑𝒋 + 𝒑𝒋𝒆
𝒊𝒒∙𝒓𝒋 =

−𝒊

𝟐ℏ𝒒
ෝ𝒒 ×

𝟐𝑚𝑒

𝒆
න𝑑റ𝑟𝑒𝑖𝑞∙ റ𝑟റ𝑱𝐿 𝒓

റ𝑱𝐿 𝒓 ≡
𝒆

𝟐𝑚𝑒


𝒋

𝒑𝒋𝜹 𝒓 − 𝒓𝒋 + 𝜹 𝒓 − 𝒓𝒋 𝒑𝒋Orbital  electric current-density operator റ𝑱𝐿 𝒓 = 𝛁 ×𝑀𝐿 𝒓 + 𝛁𝝓

Transverse 
molecular 
current

Longitudinal 
conduction 
current

න𝑑റ𝑟𝑒𝑖𝑞∙ റ𝑟റ𝑱𝐿 𝒓 = න𝑑റ𝑟𝑒𝑖𝑞∙ റ𝑟 𝛁 ×𝑀𝐿 𝒓 + 𝛁𝝓 = −𝒊 റ𝑞 × න𝑑റ𝑟𝑒𝑖𝑞∙ റ𝑟𝑀𝐿 𝒓 − 𝒊 റ𝑞 න𝑑റ𝑟𝑒𝑖𝑞∙ റ𝑟𝝓

Surface terms ignored



𝒋

𝒆𝒊𝒒∙𝒓𝒋
𝒊

ℏ𝒒
𝒑𝒋 × ෝ𝒒 =

−𝒊

𝟐𝒒𝜇𝐵
ෝ𝒒 × −𝒊 റ𝑞 × න𝑑റ𝑟𝑒𝑖𝑞∙ റ𝑟𝑀𝐿 𝒓 =

−𝟏

𝟐𝜇𝐵
ෝ𝒒 × ෝ𝒒 ×𝑀𝐿 𝒒

𝑀𝐿 𝒒 ≔ න𝑑റ𝑟𝑒𝑖𝑞∙ റ𝑟𝑀𝐿 𝒓
𝑽𝑴 𝒒 = 𝟐𝜸𝒏𝝁𝟎𝝁𝑵𝒔𝒏 ∙ ෝ𝒒 × 𝑀𝑆 𝒒 × ෝ𝒒 + ෝ𝒒 × 𝑀𝐿 𝒒 × ෝ𝒒

𝑀 𝒒 ≡ න𝑑റ𝑟𝑒𝑖𝑞∙ റ𝑟𝑀 𝒓

𝑀 𝒓 = 𝑀𝑆 𝒓 + 𝑀𝐿 𝒓 𝑀⊥ 𝒒 ≡ 𝑀 𝒒 − (𝑀 𝒒 ∙ ෝ𝒒)ෝ𝒒

= 𝟐𝜸𝒏𝝁𝟎𝝁𝑵𝒔𝒏 ∙ ෝ𝒒 × 𝑀 𝒒 × ෝ𝒒 = − റ𝜇𝑛 ∙ 𝝁𝟎𝑀⊥ 𝒒

𝑀𝐿 𝒓 =
𝟏

𝟒𝝅
𝛁 × න

റ𝑱𝐿 റ𝑟′

𝒓 − റ𝑟′
𝒅റ𝑟′ −

𝟏

𝟖𝝅
𝛁𝛁 ∙ න

റ𝑟′ × റ𝑱𝐿 റ𝑟′

𝒓 − റ𝑟′
𝒅റ𝑟′

O. Steinsvoll, et al. Phys. Rev. 161, 499 (1967)



𝐼𝑀 റ𝑞, 𝑡 =
𝑚

2𝜋ℏ2

2

𝜎𝑖 𝑉𝑀
† റ𝑞 𝜎𝑓 𝜎𝑓 𝑉𝑀 റ𝑞, 𝑡 𝜎𝑖

Magnetic Interaction : Magnetic Pair Correlation Function and Cross Section

𝑉𝑀 റ𝑞 = − റ𝜇𝑛 ∙ 𝜇0𝑀⊥ റ𝑞

𝒅𝝈

𝒅𝜴𝒅 ℏ𝝎
=
𝒌𝒇

𝒌𝒊
𝑺 𝒒,𝝎

𝑺 𝒒,𝝎 ≡
𝟏

𝟐𝝅ℏ
න
−∞

∞

𝒅𝒕𝒆−𝒊𝝎𝒕𝑰 𝒒, 𝒕

𝜎𝑓 𝑉𝑀 റ𝑞, 𝑡 𝜎𝑖 = − 𝜎𝑓 റ𝜇𝑛 𝜎𝑖 ∙ 𝜇0𝑀⊥ റ𝑞, 𝑡 𝜎𝑖 𝑉𝑀
† റ𝑞 𝜎𝑓 = − 𝜎𝑖 റ𝜇𝑛 𝜎𝑓 ∙ 𝜇0𝑀⊥

† റ𝑞

𝐼𝑀 റ𝑞, 𝑡 =
𝑚

2𝜋ℏ2

2

𝜎𝑖 റ𝜇𝑛 𝜎𝑓
2
𝜇0𝑀⊥

† റ𝑞 𝜇0𝑀⊥ റ𝑞, 𝑡 = 𝜇0
2

𝑚

2𝜋ℏ2

2

𝜎𝑖 റ𝜇𝑛 𝜎𝑓
2
𝑀⊥
† റ𝑞 𝑀⊥ റ𝑞, 𝑡

= 2𝛾𝑛𝜇𝑁𝜇0𝜇𝐵
𝑚

2𝜋ℏ2

2 1

(2𝜇𝐵)
2 2 𝜎𝑖 റ𝑠𝑛 𝜎𝑓

2
𝑀⊥
† റ𝑞 𝑀⊥ റ𝑞, 𝑡 =

3.075𝑓𝑚

2𝜇𝐵

2

2 𝜎𝑖 റ𝑠𝑛 𝜎𝑓
2
𝑀⊥
† റ𝑞 𝑀⊥ റ𝑞, 𝑡

Define 𝑺𝑴 𝒒,𝝎 =
𝟏

𝟐𝝅ℏ
∞−
∞
𝒅𝒕𝒆−𝒊𝝎𝒕 𝑀⊥

† 𝒒 𝑀⊥ 𝒒, 𝒕

𝑺 𝒒,𝝎 =
𝟑. 𝟎𝟕𝟓𝒇𝒎

2𝜇𝐵

𝟐

𝟐 𝝈𝒊 റ𝑠𝑛 𝝈𝒇
𝟐
𝑺𝑴 𝒒,𝝎

𝒅𝝈

𝒅𝜴𝒅 ℏ𝝎
=
𝒌𝒇

𝒌𝒊

𝟑. 𝟎𝟕𝟓𝒇𝒎

2𝜇𝐵

𝟐

𝟐 𝝈𝒊 റ𝑠𝑛 𝝈𝒇
𝟐
𝑺𝑴 𝒒,𝝎

Define Magnetic pair correlation function: 𝚪𝒊𝒋 𝒓, 𝒕 ≔
𝟏

𝑵
 𝑀𝑖 𝒓

′, 0 𝑀𝑗 𝒓
′ + 𝒓, 𝑡 𝑑𝒓′

𝑺𝑴 𝒒,𝝎 =
𝑵

𝟐𝝅ℏ


𝒊𝒋

න
−∞

∞

𝒅𝒕𝒅𝒓𝒆𝒊(𝒒∙𝒓−𝝎𝒕)𝚪𝒊𝒋 𝒓, 𝒕 𝜹𝒊𝒋 − ෝ𝒒𝒊ෝ𝒒𝒋

𝚪𝒊𝒋 𝒓, 𝒕 :measures correlations between two magnetization at different place and different time 



Magnetic Interaction : Magnetic Static and Dynamic Correlation

𝑺𝑴 𝒒,𝝎 = 𝑀⊥ 𝒒
𝟐
𝜹 ℏ𝝎 + ෩𝑺𝑴 𝒒,𝝎

𝑺𝑴 𝒒,𝝎 =
𝑵

𝟐𝝅ℏ


𝒊𝒋

න
−∞

∞

𝒅𝒕𝒅𝒓𝒆𝒊(𝒒∙𝒓−𝝎𝒕)𝚪𝒊𝒋 𝒓, 𝒕 𝜹𝒊𝒋 − ෝ𝒒𝒊ෝ𝒒𝒋

Static Correlation: 𝑀⊥
† 𝒒 𝑀⊥ 𝒒,+∞ = 𝑀⊥

† 𝒒 𝑀⊥ 𝒒,∞ = 𝑀⊥
† 𝒒 𝑀⊥ 𝒒

𝚪𝒊𝒋 𝒓, 𝒕 ≔
𝟏

𝑵
න 𝑀𝑖 𝒓

′, 0 𝑀𝑗 𝒓
′ + 𝒓, 𝑡 𝑑𝒓′

𝑺𝑴 𝒒,𝝎 =
𝟏

𝟐𝝅ℏ
න
−∞

∞

𝒅𝒕𝒆−𝒊𝝎𝒕 𝑀⊥
† 𝒒 𝑀⊥ 𝒒, 𝒕

Static Dynamic



Magnetic Interaction : Magnetic and Structure Correlation

𝑺𝑴 𝒒,𝝎 =
𝟏

𝟐𝝅ℏ
න
−∞

∞

𝒅𝒕𝒆−𝒊𝝎𝒕

𝒋𝒍

𝑒−𝑖𝑞∙ റ𝑟𝑙𝑀𝒍⊥
† 𝒒 𝑀𝒋⊥ റ𝑞, 𝒕 𝑒𝑖𝑞∙ റ𝑟𝑗(𝑡)

𝑀 𝒓 =

𝒋

𝑀𝒋 𝒓 − 𝒓𝒋

𝑀 റ𝑞 ≡ න𝑑റ𝑟𝑒𝑖𝑞∙ റ𝑟𝑀 റ𝑟 =

𝑗

න𝑑റ𝑟𝑒𝑖𝑞∙ റ𝑟𝑀𝑗 റ𝑟 − റ𝑟𝑗

=

𝑗

න𝑑റ𝑟𝑒𝑖𝑞∙ റ𝑟
′
𝑀𝑗 റ𝑟′ 𝑒𝑖𝑞∙ റ𝑟𝑗 =

𝑗

𝑀𝑗 റ𝑞 𝑒𝑖𝑞∙ റ𝑟𝑗

𝑀𝒋 റ𝑞 ≡ න𝑑റ𝑟𝑒𝑖𝑞∙𝒓
′
𝑀𝒋 𝒓

′

𝑺𝑴 𝒒,𝝎 =
𝟏

𝟐𝝅ℏ
න
−∞

∞

𝒅𝒕𝒆−𝒊𝝎𝒕 𝑀⊥
† 𝒒 𝑀⊥ 𝒒, 𝒕Assumptions

1. Localized Magnetizations

2. Magnetic correlations are decoupled
with the structure correlations

𝑒−𝑖𝑞∙ റ𝑟𝑙𝑀𝑙⊥
† റ𝑞 𝑀𝑗⊥ റ𝑞, 𝑡 𝑒𝑖𝑞∙ റ𝑟𝑗(𝑡) = 𝑒−𝑖𝑞∙ റ𝑟𝑙𝑒𝑖𝑞∙ റ𝑟𝑗(𝑡) 𝑀𝑙⊥

† റ𝑞 𝑀𝑗⊥ റ𝑞, 𝑡

𝑆𝑀 റ𝑞, 𝜔 =
1

2𝜋ℏ
න
−∞

∞

𝑑𝑡𝑒−𝑖𝜔𝑡

𝑗𝑙

𝑒−𝑖𝑞∙ റ𝑟𝑙𝑒𝑖𝑞∙ റ𝑟𝑗(𝑡) 𝑀𝑙⊥
† റ𝑞 𝑀𝑗⊥ റ𝑞, 𝑡

Counterexamples: Dynamic Jahn-Teller Effect—the coupling between
lattice vibrations and the orbital fluctuations of an ion with an orbitally-
degenerate ground state.

𝑠𝑡𝑎𝑡𝑖𝑐 𝑠𝑡𝑎𝑡𝑖𝑐 𝑠𝑡𝑎𝑡𝑖𝑐 𝑑𝑦𝑛𝑎𝑚𝑖𝑐

𝑑𝑦𝑛𝑎𝑚𝑖𝑐 𝑑𝑦𝑛𝑎𝑚𝑖𝑐

𝑑𝑦𝑛𝑎𝑚𝑖𝑐 𝑠𝑡𝑎𝑡𝑖𝑐

a. Magnetic scattering and elastic in structure

b. Magnetovibrational scattering: magnetically 
ordered systems

Neutron destroy and create phonons through 
magnetic interaction but without change to 
magnetic part

c. Inelastic Scattering in both magnetic and 
structural systems



Magnetic Interaction : Crystalline Solids and Static Lattice Approximation
𝑆𝑀 റ𝑞, 𝜔 =

1

2𝜋ℏ
න
−∞

∞

𝑑𝑡𝑒−𝑖𝜔𝑡

𝑗𝑙

𝑒−𝑖𝑞∙ റ𝑟𝑙𝑒𝑖𝑞∙ റ𝑟𝑗(𝑡) 𝑀𝑙⊥
† റ𝑞 𝑀𝑗⊥ റ𝑞, 𝑡



𝑗𝑙

𝑒−𝑖𝑞∙ റ𝑟𝑙𝑒𝑖𝑞∙ റ𝑟𝑗(𝑡) 𝑀𝑙⊥
† റ𝑞 𝑀𝑗⊥ റ𝑞, 𝑡

റ𝑙

𝒅

𝒓𝒍𝒅 𝒕 = റ𝑙 + 𝒅 + 𝒖𝒍𝒅 𝒕

𝒅𝝈

𝒅𝜴𝒅 ℏ𝝎
=
𝑵𝒌𝒇

𝒌𝒊

𝟑. 𝟎𝟕𝟓𝒇𝒎

2𝜇𝐵

𝟐

𝟐 𝝈𝒊 റ𝑠𝑛 𝝈𝒇
𝟐


റ𝑙

𝒆𝒊𝒒∙
റ𝑙

𝒅,𝒅′

𝒆𝒊𝒒∙(𝒅−𝒅
′)

1

2𝜋ℏ
න
−∞

∞

𝑑𝑡𝑒−𝑖𝜔𝑡 𝑀
𝒅′⊥
† റ𝑞 𝑀𝒅⊥ റ𝑞, 𝑡 𝒆−𝒊𝒒∙𝒖𝟎𝒅′𝒆𝒊𝒒∙𝒖𝒍𝒅 𝒕

= 𝑵

റ𝑙

𝒆𝒊𝒒∙
റ𝑙

𝒅,𝒅′

𝒆𝒊𝒒∙(𝒅−𝒅
′) 𝑀

𝒅′⊥
† റ𝑞 𝑀𝒅⊥ റ𝑞, 𝑡 𝒆−𝒊𝒒∙𝒖𝟎𝒅′𝒆𝒊𝒒∙𝒖𝒍𝒅 𝒕



റ𝑙

𝒆𝒊𝒒∙
റ𝑙 =

𝟐𝝅 𝟑

𝒗𝟎


𝑮

𝜹 𝒒 − 𝑮Bragg Condition

𝑒−𝑖𝑞∙𝑢0𝑑′𝑒𝑖𝑞∙𝑢𝑙𝑑 𝑡 = 𝑒𝑈𝑒𝑉 = 𝑒−𝑊𝑑−𝑊𝑑′𝑒 𝑈𝑉 = 𝑒−𝑊𝑑−𝑊𝑑′ 1 + 𝑈𝑉 +
1

2!
𝑈𝑉 2

𝑼 = −𝒊𝒒 ∙ 𝒖𝟎𝒅′

𝑽 = 𝒆𝒊𝒒∙𝒖𝒍𝒅 𝒕

𝑾𝒅 =
𝟏

𝟐
𝒒 ∙ 𝒖𝒅

𝟐
elastic One-phonon two-phonon



Supplementary



Lippmann-Schwinger equation
𝐻 = 𝐻0 + 𝑉𝐻 ۧȁΨ = 𝐸 ۧȁΨ 𝐻0 ۧȁΦ = 𝐸 ۧȁΦ

(𝐸 − 𝐻0) ۧȁΨ = 𝑉 ۧȁΨ

ቚ ൿห ൿห ൿห ൿห

ቚ𝜳𝜶
∓ = ൿห𝜱𝜶 +

𝟏

(𝑬𝜶−𝑯𝟎 ± 𝒊𝝐)
𝑽 ቚ𝜳𝜶

∓

ቚ ෩𝜳± = 𝑮±𝑽 ۧȁ𝜳

Complete ۧȁ𝜳 = 𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒐𝒇 𝟐 + 𝑨 𝑺𝒑𝒆𝒄𝒊𝒂𝒍 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒐𝒇 (𝟏)

(1) (2)

Step1 : 𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒐𝒇 𝟐 𝒅𝜶 : 𝒄(𝜶) ൿห𝜱𝜶

Solution???

Step 1 Step 2

ۧȁ𝜳 = ۧȁ𝜳 ȁ𝑩𝒐𝒖𝒏𝒅𝒂𝒓𝒚 𝑪𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏𝒔Step 3

Step2 :Green Function Method

If Operator 𝐺 satisfies  (𝐸𝛼−𝐻0) 𝐺 = መ𝐼 መ𝐼: Unit Operator

Then  corresponding special solutions of (1) are 

Then the complete solution of (1) is ቚ𝜳± = 𝒅𝜶 𝒄(𝜶) ൿห𝜱𝜶 + 𝑮±𝑽 ۧȁ𝜳

Step 3: Boundary Conditions
𝐥𝐢𝐦
𝐭→±∞

𝑒
−𝑖 𝐻𝑡
ℏ ቚ𝜳± = 𝐥𝐢𝐦

𝐭→±∞
𝑒
−𝑖 𝐻0𝑡
ℏ ۧȁ𝜱𝒍𝒊𝒎

𝑽 →𝟎
ۧȁ𝜳 = ൿห𝜱𝜶

𝑮± =
𝟏

(𝑬𝜶−𝑯𝟎 ∓ 𝒊𝝐)
𝑰

ۧȁ𝜳− : “in” state ; ൿห𝜳+ : “out” state ;

𝜖 → 0+

(note that this condition also restricts 𝑽)

𝐭 → −∞ 𝐭 → +∞



Fermi Contact Interaction

https://en.wikipedia.org/wiki/Magnetic_dipole

Interaction between neutron magnetic moment റ𝜇𝑛and nucleus magnetic 
moment റ𝜇𝐼 is 

𝑈 = − റ𝜇𝑛 ∙ 𝐵(റ𝑟) Magnetic field 𝐵(റ𝑟) is  produced by റ𝜇𝐼

𝐵 റ𝑟 = ∇ ×
റ𝜇𝐼 × റ𝑟

𝑟3
=
3റ𝑟 റ𝜇𝐼 ∙ റ𝑟 − റ𝜇𝐼𝑟

2

𝑟5
− 4𝜋 റ𝜇𝐼𝛿 റ𝑟

റ𝜇𝐼

റ𝜇𝑛

റ𝑟

𝑈 = − റ𝜇𝑛 ∙ 𝐵 റ𝑟 = റ𝜇𝑛 ∙ 4𝜋 റ𝜇𝐼𝛿 റ𝑟 = 2∆റ𝐼 ∙ റ𝑠𝛿 റ𝑟 ∆= 2𝜋𝛾𝑛𝛾𝐼

Outside nucleus Inside nucleus

Inside nucleus


