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Part II.I: Magnetic State for Insulators

P.W. Anderson, Ch.2: Exchange in Insulators: Superexchange, Direct Exchange, and Double Exchange;  Magnetism  Volume I  Edited by G. T. Rado & H. Suhl



Bohr–van Leeuwen Theorem: Non-existence of Classical Magnetism

Van Vleck J. H., The Theory of Electric and Magnetic Susceptibilities (Oxford University Press, London) 1932;

Peierls R.H., Surprises in Theoretical Physics (Princeton University Press, Princeton) 1972.

ℋ റ𝑟𝑗 , റ𝑝𝑗 ; 𝐵 ≔෍
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2𝑚
റ𝑝𝑗 +
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+ 𝑈𝑒𝑙 റ𝑟𝑗 + 𝑈𝑐 റ𝑟𝑗 + 𝑈𝑖𝑛𝑡 റ𝑟1, റ𝑟2, … , റ𝑟𝑁

റ𝐴 റ𝑟𝑗 : vector potential; 𝑈𝑒𝑙 റ𝑟𝑗 : electric potential energy ;

𝑈𝑐 റ𝑟𝑗 : confinement potential; 𝑈𝑖𝑛𝑡: many-body interactions  

Assumptions
(1)

(2) No mass center rotation, only translational degree of freedom

(3) In thermal equilibrium with a heat bath (Canonical Ensemble)

Baptiste Savoie. A rigorous proof of the Bohr-van Leeuwen theorem in the semiclassical limit.. 2014.hal-00958203v3.

𝑵 Classical Electrons

Finite System as an Example

Λ



Bohr–van Leeuwen Theorem: Non-existence of Classical Magnetism

ℱ 𝛽, 𝑁, 𝑉 Λ ; 𝐵 ≔
𝐸 − 𝑇𝑆

𝑉 Λ
= −
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𝑉 Λ 𝛽
ln(𝒵 𝛽,𝑁, 𝑉 Λ ; 𝐵 )

𝑵 Classical Electrons

Finite System as an Example

Λ

Wikipedia: Partition Function

𝒵 𝛽,𝑁, 𝑉 Λ ; 𝐵 =
1

ℎ3𝑁𝑁!
න𝒅𝒓𝟏…𝒅𝒓𝑵𝒅𝒑𝟏…𝒅𝒑𝑵𝒆

−𝜷𝓗 𝒓𝒋 , 𝒑𝒋 ;𝑩

ℎ3𝑁 added to solve the entropy paradox of classical thermodynamics

𝓜 𝜷,𝑵, 𝑽 𝜦 ;𝑩 ≔ −
𝝏𝓕

𝝏𝑩
=

𝟏

𝑽 𝜦 𝜷

𝝏𝒍𝒏(𝓩 𝜷,𝑵, 𝑽 𝜦 ;𝑩 )

𝝏𝑩

ℋ റ𝑟𝑗 , റ𝑝𝑗 ; 𝐵 ≔෍
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𝑨 𝒓𝒋
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+ 𝑈𝑒𝑙 റ𝑟𝑗 + 𝑈𝑐 റ𝑟𝑗 + 𝑈𝑖𝑛𝑡 റ𝑟1, റ𝑟2, … , റ𝑟𝑁

Canonical Transformation:

ℋ റ𝑟𝑗 , റ𝑝𝑗 ; 𝐵

𝐽 =
𝜕( റ𝑝𝑗, റ𝑟𝑗)

𝜕 റ𝑝𝑗
0, റ𝑟𝑗

= 1

𝑑റ𝑟1…𝑑റ𝑟𝑁𝑑 റ𝑝1…𝑑 റ𝑝𝑁

𝒵 𝛽,𝑁, 𝑉 Λ ; 𝐵 =
𝟏

𝒉𝟑𝑵𝑵!
𝑱න𝒅𝒓𝟏…𝒅𝒓𝑵𝒅𝒑𝟏

𝟎…𝒅𝒑𝑵
𝟎𝒆−𝜷𝓗 𝒓𝒋 , 𝒑𝒋 ;𝑩=𝟎 = 𝓩 𝜷,𝑵, 𝑽 𝜦 ;𝑩 = 𝟎

റ𝑝𝑗, റ𝑟𝑗 → റ𝑝𝑗
0 = റ𝑝𝑗 +

𝑒

𝑐
റ𝐴 റ𝑟𝑗 , റ𝑟𝑗

𝓜 𝜷,𝑵, 𝑽 𝜦 ;𝑩 = 𝟎 !!!

𝓗′ 𝒓𝒋 , 𝒑𝒋
𝟎 ; 𝑩 = 𝓗 𝒓𝒋 , 𝒑𝒋 ; 𝑩 = 𝟎 𝒅𝒓𝟏…𝒅𝒓𝑵𝒅𝒑𝟏

𝟎…𝒅𝒑𝑵
𝟎



Heisenberg-Dirac Exchange Interaction

P.A.M.Dirac, Proc.Roy.Soc. A123, 714 (1929)

ۧȁ𝛼 ≡ ൿห𝛼1, 𝛼2, … , 𝛼𝑁

න𝑑റ𝑟 ൿหറ𝑟 ۦ ȁറ𝑟 = න𝑑റ𝑟 ൿห𝑃 റ𝑟 𝑃ۦ ȁറ𝑟 = 1

Assumptions
(1) N orthonormal Orbits ൿห𝜶𝟏 , ൿห𝜶𝟐 , … , ൿห𝜶𝑵 ;

(2) Perturbation Problem: Ψ 𝑉 Ψ = 𝜓 𝑉 𝜓 ≪ 𝜓 𝐻0 𝜓

= න𝑑റ𝑟𝑑 റ𝑟′ 𝑷𝜶𝒂𝜶 𝒓 റ𝑟 𝑉 റ𝑟′ 𝒓′ 𝑃𝛼𝒃𝜶 = න𝑑റ𝑟𝑑 റ𝑟′ 𝑷𝜶𝒂𝑷𝜶 𝑷𝒓 𝒓 𝑽 𝒓′ 𝑷𝒓′ 𝑷𝜶𝒃𝑷𝜶

ൿห റ𝑟 ≡ ൿห റ𝑟1, റ𝑟2, … , റ𝑟𝑁

= න𝑑റ𝑟𝑑 റ𝑟′ 𝑷𝜶𝒂𝑷𝜶 𝑷𝒓 𝑷𝒓 𝑽 𝑷𝒓′ 𝑷𝒓′ 𝑷𝜶𝒃𝑷𝜶 = න𝑑റ𝑟𝑑 റ𝑟′ 𝑷𝜶𝒂𝑷𝜶 𝒓 𝒓 𝑽 𝒓′ 𝒓′ 𝑷𝜶𝒃𝑷𝜶 =

𝑷 ∈ ℙ ={N! permutations of 1,2,3…N}ۧ𝑃𝛼ȁ𝛼 ≡ ඀ቚ𝛼𝑖 , 𝛼𝑗 , … , 𝛼𝑘

𝑷𝒂𝜶 𝒓 = 𝑷𝒂𝑷𝜶 𝑷𝒓

(3) 𝑷𝒓 𝑽 𝑷𝒓′ = 𝒓 𝑽 𝒓′

𝒓′ 𝑷𝒃𝜶 = 𝑷𝒓′ 𝑷𝒃𝑷𝜶

𝑽 =
1

2
෍

𝑖,𝑗

𝑁𝑒
𝑒2

𝒓𝒊 − 𝒓𝒋

ۧȁΨ = ۧȁ𝜓 ۧȁ𝜒

ۧȁ𝜓 ≡
1

𝑁!
෍

𝑃𝛼∈ℙ

ۧ𝑃𝛼ȁ𝛼 ۧȁ𝜒 ≡
1

𝑁!
෍

𝑃𝜎∈ℙ

ۧ−1 𝑆𝑃𝜎𝑃𝜎ȁ𝜎

ۧȁ𝜎 ≡ ൿห𝜎1, 𝜎2, … , 𝜎𝑁

ۧȁ𝜓 ≡
1

2
ൿห𝛼1, 𝛼2 + ൿห𝛼2, 𝛼1 ۧȁ𝜒 ≡

1

2
ۧȁ1, −1 − ۧȁ−1,1

𝑃𝜎 ۧȁ𝜎 ≡ ൿห𝜎𝑚, 𝜎𝑛, … , 𝜎𝑡

𝑃𝑖𝑗 ۧȁΨ = ൿ(𝑃𝛼𝑖𝑗ȁ𝜓 ൿ)(𝑃𝜎𝑖𝑗ȁ𝜒 ) = − ۧȁ𝜓 ۧȁ𝜒 = − ۧȁΨSpin-Statistics Theoremۧ𝐻0ȁΨ = ۧ𝐸0ȁΨ

𝑷𝜶𝒂𝜶 𝑽 𝑷𝜶𝒃𝜶

𝑷𝜶𝒂𝑷𝜶 𝑽 𝑷𝜶𝒃𝑷𝜶



Heisenberg-Dirac Exchange Interaction

P.A.M.Dirac, Proc.Roy.Soc. A123, 714 (1929)

𝑷𝜶𝒂𝜶 𝑽 𝑷𝜶𝒃𝜶 = 𝑷𝜶𝒂𝑷𝜶 𝑽 𝑷𝜶𝒃𝑷𝜶 = 𝑃𝛼𝑎𝑃
𝛼
𝑏
−1
𝛼 𝑉 𝛼 ≡ 𝑉

𝑃′
𝛼

𝑷 = 𝑷𝜶𝒃
−𝟏

𝒏! × 𝒏! 𝒏!

𝑃′
𝛼 ≡ 𝑃𝛼𝑎𝑃𝛼𝑏

−1

𝑙. ℎ. 𝑠 =෍

𝑃𝑎

𝒓 𝑷𝜶𝒂𝜶 𝑷𝜶𝒂𝛼 𝑉 𝑷𝜶𝒃𝛼 = റ𝑟 𝑉 𝑷𝜶𝒃𝛼 = 𝑟. ℎ. 𝑠 =෍

𝑃𝑎

𝒓 𝑷𝜶𝒂𝜶 𝑉𝑃′ =෍

𝑃′
𝛼

𝒓 𝑃′
𝛼
𝑷𝜶𝒃𝜶 𝑉𝑃′ = 𝒓 σ

𝑷′
𝜶𝑽

𝑷′
𝜶𝑷′

𝜶
ȁ𝑷𝜶𝒃𝜶
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𝜶

𝑽
𝑷′

𝜶𝑷′
𝜶 If  𝑽 =

1

2
σ𝑖,𝑗
𝑁𝑒 𝑒2

𝒓𝒊−𝒓𝒋
𝑽 = 𝑽𝑰 +෍

𝒊<𝒋

𝑽𝒊𝒋𝑷
𝜶
𝒊𝒋

𝑷𝜶𝒊𝒋 ൿหΨ𝑛 = (𝑷𝜶𝒊𝒋 ൿȁ𝜓𝒏 ) ൿห𝜒𝑛 = − ൿȁ𝜓𝒏 (𝑷𝒊𝒋
𝜎 ൿห𝜒𝑛 ) = −𝑷𝒊𝒋

𝜎 ൿหΨ𝑛 𝑷𝜶𝒊𝒋 = −𝑷𝒊𝒋
𝝈

𝑷𝒊𝒋
𝜎 =

1

2
1 + റ𝜎𝑖 ∙ റ𝜎𝑗

𝑉 = 𝑉𝐼 −෍

𝑖<𝑗

𝑉𝑖𝑗
1

2
1 + റ𝜎𝑖 ∙ റ𝜎𝑗 = 𝑉𝐼 −෍

𝑖<𝑗

𝐽𝑖𝑗
1

4
+ റ𝑠𝑖 ∙ റ𝑠𝑗

𝑷𝒊𝒋
𝜎 റ𝜎𝑖𝑷𝒊𝒋

𝜎−1 = റ𝜎𝑗

𝑷𝒊𝒋
𝜎 റ𝜎𝑗𝑷𝒊𝒋

𝜎−1 = റ𝜎𝑖

෍

𝑃𝛼

ۧȁ𝑃𝛼𝛼 ۦ ȁ𝑃𝛼𝛼 = 1

𝑃𝑎𝑃𝑏
−𝟏 ∈ ℙ ={N! permutations of 1,2,3…N}

∈ 1, റ𝜎𝑖 ⨂ 1, റ𝜎𝑗

𝑉𝐼 ≡ 𝛼 𝑉 𝛼

∀ ൿห𝜳𝒏

𝐽𝑖𝑗 ≡ 𝛼𝑗𝛼𝑖
𝑒2

𝒓𝒊 − 𝒓𝒋
𝛼𝑖𝛼𝑗

റ𝑠𝑖 =
1

2
റ𝜎𝑖ඁቤ𝑠𝑖 =

1

2
, 𝑠𝑖𝑧 = ±

1

2
⨂ ඁቤ𝑠𝑗 =

1

2
, 𝑠𝑗𝑧 = ±

1

2



Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method

Variational Method to Calculate Ground State and Energy

𝜀 Ψ =
Ψ ෡𝐻 Ψ

Ψ Ψ
Energy Functional 

1) 𝜀 ≥ 𝐸0, 𝐸0 the ground state of Hamiltonian ෡𝐻

2) 𝜀 = 𝐸0, iff Ψ is the ground state

Proof: ෡𝐻ȁ ۧ𝐸 = 𝐸ȁ ۧ𝐸෡𝐻 = න𝑑𝐸ȁ ۧ𝐸 ȁ𝐸ۦ𝐸

𝜀 Ψ =
Ψ ෡𝐻 Ψ

Ψ Ψ
=
𝑑𝐸𝐸׬ Ψ 𝐸 2

Ψ Ψ
≥
𝑑𝐸𝐸0׬ Ψ 𝐸 2

Ψ Ψ
=
𝐸0 𝑑𝐸׬ Ψ 𝐸 2

Ψ Ψ

=
𝐸0 Ψ መ𝐼 Ψ

Ψ Ψ
= 𝐸0; iff ȁ ۧΨ = ȁ ۧ𝐸0 , 𝜀 Ψ = 𝐸0

𝐸 ≥ 𝐸0መ𝐼 = න𝑑𝐸ȁ ۧ𝐸 ȁۦ𝐸

𝛿𝜀 Ψ

𝛿Ψ
= 0,

𝛿2𝜀 Ψ

𝛿Ψ2
> 0 ȁ ۧΨ ≈ ȁ ۧ𝐸0

Spectral Theorem: 



Variational Problem: Hartree-Fock Equation

Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method

𝐸𝐻𝐹 Ψ = Ψ ෡𝐻𝑒 Ψ = 𝐸𝑒 {𝝍𝒊}Minimize

With respect to the changes in the orbitals 𝝍𝒊 → 𝝍𝒊 + 𝜹𝝍𝒊

ℒ {𝝍𝒊} ≡ 𝐸𝑒 {𝝍𝒊} −෍

𝒊,𝒋

𝝐𝒊𝒋 𝝍𝒊 𝝍𝒋 − 𝜹𝒊𝒋

Lagrange Multipliers Method

Keep 𝝍𝒊 orthonormal

𝛿ℒ {𝝍𝒊}

𝛿𝝍𝒊
†

= 0

𝒉𝒊𝝍𝒊 𝒓𝒊, 𝝈𝒊 + ෍

𝑗

𝑁𝑒

න𝒅𝒓𝒋 𝒗𝒊𝒋 𝝍𝒋 𝒓𝒋, 𝝈𝒋
𝟐
𝝍𝒊 𝒓𝒊, 𝝈𝒊 −෍

𝑗

𝑁𝑒

න𝒅𝒓𝒋𝝍𝒋
† 𝒓𝒋, 𝝈𝒋 𝝍𝒊 𝒓𝒋, 𝝈𝒋 𝒗𝒊𝒋𝝍𝒋 𝒓𝒊, 𝝈𝒊 = 𝝐𝒊𝝍𝒊 𝒓𝒊, 𝝈𝒊

Hartree-Fock Equation
“Self-consistent Field Theory”

𝑯𝒆 𝒓, 𝑹 ≡ [𝑻𝒆 𝒓 + 𝑽𝒆𝑵 𝒓, 𝑹 ] + 𝑽𝒆𝒆 𝒓 =෍

𝑖=1

𝑁𝑒

ℎ𝑖 +෍

𝑖>𝑗

𝑁𝑒

𝑣𝑖𝑗

𝑇𝑒 𝒓 ≡෍

𝑖=1

𝑁𝑒
𝒑𝒊
𝟐

2𝑚𝑖

𝑉𝑒𝑁 𝒓, 𝑹 ≡ − ෍

𝐼,𝑖

𝑁,𝑁𝑒
𝑍𝐼𝑒

2

𝑹𝑰 − 𝒓𝒊

𝑉𝑒𝑒 𝒓 ≡
1

2
෍

𝑖,𝑗

𝑁𝑒
𝑒2

𝒓𝒊 − 𝒓𝒋
=෍

𝑖>𝑗

𝑁𝑒
𝑒2

𝒓𝒊 − 𝒓𝒋

ℎ𝑖 ≡
𝒑𝒊
𝟐

2𝑚𝑖
−෍

𝐼

𝑁
𝑍𝐼𝑒

2

𝑹𝑰 − 𝒓𝒊
𝑣𝑖𝑗 ≡

𝑒2

𝒓𝒊 − 𝒓𝒋



Initialize Wavefunction

Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method

𝑬𝒆 {𝝍𝒊} ≡ 𝜳 ෡𝑯𝒆 𝜳

𝜳 𝒓, 𝝈 =
𝟏

𝑵𝒆!

𝝍𝟏 𝒓𝟏 𝝍𝟐 𝒓𝟏
𝝍𝟏 𝒓𝟐 𝝍𝟐 𝒓𝟐

⋯ 𝝍𝑵𝒆 𝒓𝟏
⋯ 𝝍𝑵𝒆 𝒓𝟐

⋮ ⋮
𝝍𝟏 𝒓𝑵𝒆 𝝍𝟐 𝒓𝑵𝒆

⋱ ⋮
⋯ 𝝍𝑵𝒆 𝒓𝑵𝒆

Completely Antisymmetric Tensor 𝝐𝒊𝟏𝒊𝟐…𝒊𝑵𝒆 = ൞

𝟏, 𝒊𝟏𝒊𝟐…𝒊𝑵𝒆 𝒊𝒔 𝒂𝒏 𝒆𝒗𝒆𝒏 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝟏 𝟐 𝟑 …𝑵𝒆

−𝟏, 𝒊𝟏𝒊𝟐…𝒊𝑵𝒆 𝒊𝒔 𝒂𝒏 𝒐𝒅𝒅 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝟏 𝟐 𝟑 …𝑵𝒆

𝟎, 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆

Repeated indices summed up

Spin-Statistics Theorem

=
𝟏

𝑵𝒆!
𝝐𝒊𝟏𝒊𝟐…𝒊𝑵𝒆𝝍𝒊𝟏 𝒓𝟏 𝝍𝒊𝟐 𝒓𝟐 …𝝍𝒊𝑵𝒆

𝒓𝑵𝒆



Problems about Magnetism in Crystal Lattices of Insulators

Anderson:  What is it that makes a material a magnetic insulator
rather than a metal, a semiconductor or a superconductor ???

First Problem: What is the Magnetic Insulating States? 

N F Mott 1949 Proc. Phys. Soc. A 62 416

1) Spin reorientations as Low-lying electronic excitation states
Magnetic 
Insulator

2) Mott Insulator

Answer: 

Paramagnetic Cubic NiO

𝑁𝑖3+𝑁𝑖2+

𝑁𝑖+𝑑

𝐸𝐶 3𝑑7; 3𝑑9 − 𝐸𝐶 3𝑑8; 3𝑑8 = 𝑈 ≈ 5 − 15 𝑒𝑉

𝑏 v.s. 𝑈
(a) Large 𝑑, 𝑏 < 𝑈 (b) small 𝑑, 𝑏 >𝑈

𝑏~ 1 − 2 𝑒𝑉



Problems about Magnetism in Crystal Lattices of Insulators

Second Problem: Wavefunction Dilemma 

(1) Orthogonality Dilemma: Overlap

(2) Modified Wavefunction in a crystal
Isolated ion orbital In Crystal

Way out: 

P. W. Anderson, Phys. Rev. 115, 2 (1959)

(1) Ligand Field Theory Aspect

(2) How magnetic ion interact with each in lattice 
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Theoretical Frame for Magnetism of Insulators

Ligand Field Theory Aspect

𝒑𝟐

𝟐𝒎
𝝍𝒌 𝒓 + 𝑽 𝒓 𝝍𝒌 𝒓 + ෍

𝒋

𝑵𝒆

න𝒅𝒓𝒋 𝒗𝒊𝒋 𝝍𝒋 𝒓𝒋
𝟐
𝝍𝒌 𝒓 −෍

𝒋

𝑵𝒆

෍

𝝈𝒋

±𝟏

න𝒅𝒓𝒋𝝍𝒋
† 𝒓𝒋, 𝝈𝒋 𝝍𝒌 𝒓𝒋, 𝝈𝒋 𝒗𝒊𝒋𝝍𝒋 𝒓 = 𝝐(𝒌)𝝍𝒌 𝒓

Nonmagnetic electrons

(1) As known core electrons  unchanged by              interaction 

(2) Contribute to the self-consistent  field with wavefunction 
orthogonal to that of magnetic ions

(3) Make partial covalent bond with  𝟑𝒅 functions: anti-bonding  

Solution : Full Many-body Method  or Band Theory + Hartree-Fock Method

One-electron Problem + Coulomb Correlation 

𝝍𝒌 𝒓 = 𝒆𝒊𝒌∙𝒓𝒖𝒌(𝒓) 𝒖𝒌 𝒓 + 𝑹 = 𝒖𝒌(𝒓)

To each d band ‘’m’’, 𝜖𝑚 𝒌 = 𝑐𝑚 +෍

𝑹

𝑏𝑚(𝑹)𝑒
𝑖𝒌∙𝑹 𝑎𝑚 𝒓 − 𝑹 =

1

𝑁
෍

𝒌

𝑒𝑖𝒌∙𝑹𝜓𝒌
𝑚(𝒓)𝐻𝑠𝑐𝜓𝒌

𝑚 𝒓 = 𝜖𝑚 𝒌 𝜓𝒌
𝑚 𝒓

𝐻𝑠𝑐𝑎𝑚 𝒓 − 𝑹 = 𝑐𝑚𝑎𝑚 𝒓 − 𝑹 +෍

𝑺

𝑏𝑚(𝑺)𝑎𝑚 𝒓 − 𝑹 − 𝑺 𝑯𝒔𝒄𝒂𝒎 𝒓 − 𝑹 = 𝒄𝒎𝒂𝒎 𝒓 − 𝑹 + ෍

𝒎′,𝑷

𝒃𝒎𝒎′(𝑷)𝒂𝒎′ 𝒓 − 𝑹 − 𝑷

Wannier Functions



Theoretical Frame for Magnetism of Insulators

Interactions Between Magnetic Electrons

(1) On the same ion core

(1.1) Coulomb Repulsion: U

(1.2) True exchange energy for parallel spin: 𝐽𝑚𝑚′

(1.3) Relative orientations of the orbits contribute to U

(2) On different ions: Exchange Effects 

Direct exchange ,Superexchange, Double Exchange,
Indirect and Polarization Effect.

𝑎𝑚 𝒓 − 𝑹 → 𝑎𝑚 𝒓 − 𝑹 +෍

𝑚′

𝑏𝑚𝑚′(𝑷)

𝑈
𝑎𝑚′ 𝒓 − 𝑹 − 𝑷

P

𝑎𝑚′ 𝒓 − 𝑹 − 𝑷 → 𝑎𝑚′ 𝒓 − 𝑹 − 𝑷 +෍

𝑚′

𝑏𝑚𝑚′(𝑷)

𝑈
𝑎𝑚 𝒓 − 𝑹

∆𝐸 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 − 𝑎𝑛𝑡𝑖𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 = −
𝑏2

𝐸 ۧȁ↓ ↑ ۧȁ0 − 𝐸 ۧȁ↓ ۧȁ↑

∆𝐸 = ෍

𝑚,𝑚′,𝑹,𝑷

𝑏𝑚𝑚′ 𝑷 2

𝑈
(−

1

2
+ 2𝒔𝑹

𝒎 ∙ 𝒔𝑹+𝑷
𝑚′

)

ۧȁ↓ ۧȁ↑ ۧȁ↓ ↑ ۧȁ0 ۧȁ0 ۧȁ↓ ↑Or 

−
𝑏2

𝐸( ۧȁ0 ۧȁ↓ ↑ ) − 𝐸 ۧȁ↓ ۧȁ↑
= −

2𝑏2

𝑈

𝐸 ۧȁ0 ۧȁ↓ ↑ − 𝐸 ۧȁ↓ ۧȁ↑ = 𝐸 ۧȁ↓ ↑ ۧȁ0 − 𝐸 ۧȁ↓ ۧȁ↑ = 𝑈



Supplementary Materials



Permutation Symmetry for Many-body System 

P.A.M.Dirac, Proc.Roy.Soc. A123, 714 (1929)

ۧȁ𝑞 ≡ ൿห𝑞1, 𝑞2, … , 𝑞𝑁

Ψ 𝑞 ≡ 𝑞 Ψ

ℙ† 𝑞 Ψ = 𝑞 ℙ Ψ = න𝑑𝑞′ 𝑞 ℙ 𝑞′ 𝑞′ Ψ = න𝑑𝑞′ 𝑞 ℙ𝑞′ Ψ 𝑞′ = Ψ ℙ−1𝑞 = ℙ−1𝑞 Ψ

න𝑑𝑞 ۧȁ𝑞 ۦ ȁ𝑞 = 1ۧℙȁ𝑞 = ۧȁℙ𝑞

∀ ۧȁ𝑞 and ۧȁΨ

⟹ ℙ† = ℙ−𝟏

(0)

(1)

(2) If  ۧȁΨ = ൿห𝑞′ , 𝑞 ℙ 𝑞′ = 𝑞 ℙ𝑞′ = 𝜹 𝒒 − ℙ𝒒′ = 𝜹 ℙ−𝟏𝒒 − 𝒒′ = ℙ−1𝑞 𝑞′

𝑞 𝐻 𝑞′ = ℙ𝑞 𝐻 ℙ𝑞′ = 𝑞 ℙ−𝟏𝐻ℙ 𝑞′ ⟹𝑯 = ℙ−𝟏𝐻ℙ or 𝐻ℙ = ℙ𝐻(3) A constant of motion

(4) Casimir operator: 

real variables 𝜒𝑐 =
σ
𝑖=1
𝑛𝑐 𝑃𝑖

𝑛𝑐
, where 𝑃𝑖𝜖 Class c, or 𝜒𝑐 =

σ𝑖=1
𝑛 𝑃𝑐𝑃𝑖𝑃𝑐

−1

𝑛
, where 𝑃𝑐𝜖 Class c, 

𝑃𝑖𝜖 All Permutations,  𝑛 = 𝑁!

Suppose there are m classes, then they correspond to  m Casimir operators : 𝜒1, 𝜒2, …, 𝜒𝑚, 
which are absolute constants of motion and whose eigenvalues can be used to label stationary states. 



Wannier Function: from Bloch states to local orbitals

𝝍
𝒎,𝒌

𝒓 =
𝟏

𝑵
෍

𝒋=𝟏

𝑵

𝒂𝒎 𝑹𝒋, 𝒓 𝒆𝒊𝒌∙𝑹𝒋Periodicity of crystal lattice:  

Localized orbitals as Wannier function: 𝒂𝒎 𝑹𝒋, 𝒓 =
𝟏

𝑵
෍

𝒌

𝝍
𝒎,𝒌

𝒓 𝒆−𝒊𝒌∙𝑹𝒋

1. 𝒂𝒎 𝑹𝒋, 𝒓 = 𝒂𝒎 𝒓 − 𝑹𝒋 , i.e. ∀ lattice vector 𝑹𝒏, 𝒂𝒎 𝑹𝒋, 𝒓 = 𝒂𝒎 𝑹𝒋 + 𝑹𝒏, 𝒓 + 𝑹𝒏

𝑯𝒊𝒏𝒕: 𝝍𝜺,𝒌 𝒓 + 𝑹𝒏 = 𝒆𝒊𝒌∙𝑹𝒏𝝍𝜺,𝒌 𝒓 ;

2. An orthonormal basis: න𝒅𝟑𝒓𝒂𝒎
∗ 𝑹𝒌, 𝒓 𝒂𝒎 𝑹𝒋, 𝒓 = 𝜹𝑹𝒌,𝑹𝒋

3. Since Bloch states defined up to an overall phase 𝝍
𝒎,𝒌

𝒓 → 𝒆𝒊𝜽𝝍
𝒎,𝒌

𝒓 , Wannier function

can be chosen  as the maximally-localized set: 𝒂𝒎 𝑹𝒋, 𝒓 localized around 𝑹𝒋 and rapidly goes 

to zero away from 𝑹𝒋.  For 1-dimension and potentially separable cases in higher dimensions, 

the maximally-localized set is unique.[4]



Variational Calculation for H-F Method



Variational Problem: Variational Calculation

Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method

𝑬𝒆 {𝝍𝒊} ≡ 𝜳 ෡𝑯𝒆 𝜳 = 𝜳 σ𝑖=1
𝑁𝑒 ℎ𝑖 + σ𝑖>𝑗

𝑁𝑒 𝑣𝑖𝑗 𝜳 =෍

𝑖=1

𝑁𝑒

𝜳 ℎ𝑖 𝜳 +෍

𝑖>𝑗

𝑁𝑒

𝜳 𝑣𝑖𝑗 𝜳

𝜳 𝒉𝒌 𝜳 = 𝒅𝒓𝟏𝒅𝒓𝟐…𝒅𝒓𝑵𝒆׬
𝟏

𝑵𝒆!
𝝐𝒊𝟏𝒊𝟐…𝒊𝑵𝒆𝝍𝒊𝟏

† 𝒓𝟏, 𝝈𝟏 𝝍𝒊𝟐
† 𝒓𝟐, 𝝈𝟐 …𝝍𝒊𝑵𝒆

† 𝒓𝑵𝒆 , 𝝈𝑵𝒆 𝒉𝒌𝝐𝒋𝟏𝒋𝟐…𝒋𝑵𝒆𝝍𝒋𝟏 𝒓𝟏, 𝝈𝟏 𝝍𝒋𝟐 𝒓𝟐, 𝝈𝟐

…𝝍𝒋𝑵𝒆
𝒓𝑵𝒆 , 𝝈𝑵𝒆 =

𝟏

𝑵𝒆!
𝝐𝒊𝟏𝒊𝟐…𝒊𝑵𝒆𝝐𝒋𝟏𝒋𝟐…𝒋𝑵𝒆 𝒅𝒓𝟏𝝍𝒊𝟏׬

† 𝒓𝟏, 𝝈𝟏 𝝍𝒋𝟏 𝒓𝟏, 𝝈𝟏 … 𝒅𝒓𝒌𝝍𝒊𝒌׬
† 𝒓𝒌, 𝝈𝒌 𝒉𝒌𝝍𝒋𝒌 𝒓𝒌, 𝝈𝒌 …

𝒅𝒓𝑵𝒆׬ 𝝍𝒊𝑵𝒆

† 𝒓𝑵𝒆 , 𝝈𝑵𝒆 𝝍𝒋𝑵𝒆
𝒓𝑵𝒆 , 𝝈𝑵𝒆 =

𝟏

𝑵𝒆!
𝝐𝒊𝟏𝒊𝟐…𝒊𝑵𝒆𝝐𝒋𝟏𝒋𝟐…𝒋𝑵𝒆 𝝍𝒊𝟏 𝝍𝒋𝟏 … 𝝍𝒊𝒌 ℎ𝑘 𝝍𝒋𝒌 … 𝝍𝒊𝑵𝒆

𝝍𝒋𝑵𝒆

=
𝟏

𝑵𝒆!
𝝐𝒊𝟏𝒊𝟐…𝒊𝑵𝒆𝝐𝒋𝟏𝒋𝟐…𝒋𝑵𝒆𝜹𝒊𝟏𝒋𝟏 … 𝝍𝒊𝒌 ℎ𝑘 𝝍𝒋𝒌 …𝜹𝒊𝑵𝒆𝒋𝑵𝒆 =

𝟏

𝑵𝒆!
𝝐𝒊𝟏…𝒊𝒌…𝒊𝑵𝒆𝝐𝒊𝟏…𝒋𝒌…𝒊𝑵𝒆 𝝍𝒊𝒌 𝒉𝒌 𝝍𝒋𝒌

= σ
𝒊𝒌,𝒋𝒌=𝟏
𝑵𝒆 𝑵𝒆 − 𝟏 ! 𝜹𝒊𝒌𝒋𝒌 𝝍𝒊𝒌 𝒉𝒌 𝝍𝒋𝒌 = σ𝒊𝒌

𝑵𝒆 𝟏

𝑵𝒆
𝝍𝒊𝒌 𝒉𝒌 𝝍𝒊𝒌 = 𝟏

𝑵𝒆
𝑵𝒆 𝝍𝒌 𝒉𝒌 𝝍𝒌 = 𝝍𝒌 𝒉𝒌 𝝍𝒌

𝝐𝒊𝟏…𝒊𝒌…𝒊𝑵𝒆𝝐𝒊𝟏…𝒋𝒌…𝒊𝑵𝒆 = ෍

𝒊𝒌,𝒋𝒌=𝟏

𝑵𝒆

𝑵𝒆 − 𝟏 ! 𝝐𝟏𝟐𝟑…(𝑵𝒆−𝟏)
𝟐𝜹𝒊𝒌𝒋𝒌 = ෍

𝒊𝒌,𝒋𝒌=𝟏

𝑵𝒆

𝑵𝒆 − 𝟏 ! 𝜹𝒊𝒌𝒋𝒌



Variational Problem: Variational Calculation

Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method

𝑬𝒆 {𝝍𝒊} ≡ 𝜳 ෡𝑯𝒆 𝜳 = 𝜳 σ𝑖=1
𝑁𝑒 ℎ𝑖 + σ𝑖>𝑗

𝑁𝑒 𝑣𝑖𝑗 𝜳 =෍

𝑖=1

𝑁𝑒

𝜳 ℎ𝑖 𝜳 +෍

𝑖>𝑗

𝑁𝑒

𝜳 𝑣𝑖𝑗 𝜳

𝜳 𝒗𝒌𝒎 𝜳 = 𝒅𝒓𝟏𝒅𝒓𝟐…𝒅𝒓𝑵𝒆׬
𝟏

𝑵𝒆!
𝝐𝒊𝟏𝒊𝟐…𝒊𝑵𝒆𝝍𝒊𝟏

† 𝒓𝟏, 𝝈𝟏 𝝍𝒊𝟐
† 𝒓𝟐, 𝝈𝟐 …𝝍𝒊𝑵𝒆

† 𝒓𝑵𝒆 , 𝝈𝑵𝒆 𝒗𝒌𝒎𝝐𝒋𝟏𝒋𝟐…𝒋𝑵𝒆𝝍𝒋𝟏
𝒓𝟏, 𝝈𝟏

𝝍𝒋𝟐 𝒓𝟐, 𝝈𝟐 …𝝍𝒋𝑵𝒆
𝒓𝑵𝒆 , 𝝈𝑵𝒆 =

𝟏

𝑵𝒆!
𝝐𝒊𝟏𝒊𝟐…𝒊𝑵𝒆𝝐𝒋𝟏𝒋𝟐…𝒋𝑵𝒆 𝒅𝒓𝟏𝝍𝒊𝟏׬

† 𝒓𝟏, 𝝈𝟏 𝝍𝒋𝟏 𝒓𝟏, 𝝈𝟏 …

𝒅𝒓𝒌׬ 𝒅𝒓𝒎𝝍𝒊𝒌
† 𝒓𝒌, 𝝈𝒌 𝝍𝒊𝒎

† 𝒓𝒎, 𝝈𝒎 𝒗𝒌𝒎𝝍𝒋𝒌 𝒓𝒌, 𝝈𝒌 𝝍𝒋𝒎 𝒓𝒎, 𝝈𝒎 … 𝒅𝒓𝑵𝒆׬ 𝝍𝒊𝑵𝒆

† 𝒓𝑵𝒆 , 𝝈𝑵𝒆 𝝍𝒋𝑵𝒆
𝒓𝑵𝒆 , 𝝈𝑵𝒆

=
𝟏

𝑵𝒆!
𝝐𝒊𝟏𝒊𝟐…𝒊𝑵𝒆𝝐𝒋𝟏𝒋𝟐…𝒋𝑵𝒆 𝝍𝒊𝟏 𝝍𝒋𝟏 … 𝝍𝒊𝒌𝝍𝒊𝒎 𝒗𝒌𝒎 𝝍𝒋𝒌𝝍𝒋𝒎 … 𝝍𝒊𝑵𝒆

𝝍𝒋𝑵𝒆

=
𝟏

𝑵𝒆!
𝝐𝒊𝟏𝒊𝟐…𝒊𝑵𝒆𝝐𝒋𝟏𝒋𝟐…𝒋𝑵𝒆𝜹𝒊𝟏𝒋𝟏 … 𝝍𝒊𝒌𝝍𝒊𝒎 𝒗𝒌𝒎 𝝍𝒋𝒌𝝍𝒋𝒎 …𝜹𝒊𝑵𝒆𝒋𝑵𝒆 =

𝟏

𝑵𝒆!
𝝐𝒊𝟏…𝒊𝒌,…𝒊𝒎…𝒊𝑵𝒆𝝐𝒊𝟏…𝒋𝒌…𝒋𝒎…𝒊𝑵𝒆 𝝍𝒊𝒌𝝍𝒊𝒎 𝒗𝒌𝒎 𝝍𝒋𝒌𝝍𝒋𝒎

= σ𝒊𝒌≠𝒊𝒎,𝒋𝒌≠𝒋𝒎

𝑵𝒆 𝟏

𝑵𝒆(𝑵𝒆−𝟏)
(𝜹𝒊𝒌𝒋𝒌𝜹𝒊𝒎𝒋𝒎 − 𝜹𝒊𝒌𝒋𝒎𝜹𝒊𝒎𝒋𝒌) 𝝍𝒊𝒌𝝍𝒊𝒎 𝒗𝒌𝒎 𝝍𝒋𝒌𝝍𝒋𝒎

= σ
𝒊𝒌≠𝒊𝒎

𝑵𝒆 𝟏

𝑵𝒆(𝑵𝒆−𝟏)
𝝍𝒊𝒌

𝝍𝒊𝒎
𝒗𝒌𝒎 𝝍𝒊𝒌

𝝍𝒊𝒎
− 𝝍𝒊𝒌

𝝍𝒊𝒎
𝒗𝒌𝒎 𝝍𝒊𝒎

𝝍𝒊𝒌
= 𝝍𝒌𝝍𝒎 𝒗𝒌𝒎 𝝍𝒌𝝍𝒎 − 𝝍𝒌𝝍𝒎 𝒗𝒌𝒎 𝝍𝒎𝝍𝒌

𝝐𝒊𝟏…𝒊𝒌,…𝒊𝒎…𝒊𝑵𝒆𝝐𝒊𝟏…𝒋𝒌…𝒋𝒎…𝒊𝑵𝒆 = ෍

𝒊𝒌≠𝒊𝒎,𝒋𝒌≠𝒋𝒎

𝑵𝒆

𝑵𝒆 − 𝟐 ! 𝝐𝟏𝟐𝟑…(𝑵𝒆−𝟐)
𝟐(𝜹𝒊𝒌𝒋𝒌𝜹𝒊𝒎𝒋𝒎 − 𝜹𝒊𝒌𝒋𝒎𝜹𝒊𝒎𝒋𝒌) = ෍

𝒊𝒌≠𝒊𝒎,𝒋𝒌≠𝒋𝒎

𝑵𝒆

𝑵𝒆 − 𝟐 ! (𝜹𝒊𝒌𝒋𝒌𝜹𝒊𝒎𝒋𝒎 − 𝜹𝒊𝒌𝒋𝒎𝜹𝒊𝒎𝒋𝒌)
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𝑬𝒆 {𝝍𝒊} ≡ 𝜳 ෡𝑯𝒆 𝜳 = 𝜳 σ𝑖=1
𝑁𝑒 ℎ𝑖 + σ𝑖>𝑗

𝑁𝑒 𝑣𝑖𝑗 𝜳 =෍

𝑖=1

𝑁𝑒

𝜳 ℎ𝑖 𝜳 +෍

𝑖>𝑗

𝑁𝑒

𝜳 𝑣𝑖𝑗 𝜳

= ෍

𝑘=1

𝑁𝑒

𝝍𝒌 𝒉𝒌 𝝍𝒌 + ෍

𝑘>𝑚

𝑁𝑒

𝝍𝒌𝝍𝒎 𝒗𝒌𝒎 𝝍𝒌𝝍𝒎 − 𝝍𝒌𝝍𝒎 𝒗𝒌𝒎 𝝍𝒎𝝍𝒌

𝝍𝒌 𝒉𝒌 𝝍𝒌 ≡ න𝒅𝒓𝒌𝝍𝒌
† 𝒓𝒌, 𝝈𝒌 𝒉𝒌𝝍𝒌 𝒓𝒌, 𝝈𝒌

𝝍𝒌𝝍𝒎 𝒗𝒌𝒎 𝝍𝒌𝝍𝒎 ≡ න𝒅𝒓𝒌 𝒅𝒓𝒎 𝝍𝒌 𝒓𝒌, 𝝈𝒌
𝟐𝒗𝒌𝒎 𝝍𝒎 𝒓𝒎, 𝝈𝒎

𝟐

𝝍𝒌𝝍𝒎 𝒗𝒌𝒎 𝝍𝒎𝝍𝒌 ≡ න𝒅𝒓𝒌 𝒅𝒓𝒎𝝍𝒌
† 𝒓𝒌, 𝝈𝒌 𝝍𝒎

† 𝒓𝒎, 𝝈𝒎 𝒗𝒌𝒎𝝍𝒎 𝒓𝒌, 𝝈𝒌 𝝍𝒌 𝒓𝒎, 𝝈𝒎

ℒ {𝝍𝒊} ≡ 𝐸𝑒 {𝝍𝒊} −෍

𝒊,𝒋

𝝐𝒊𝒋 𝝍𝒊 𝝍𝒋 − 𝜹𝒊𝒋 =෍

𝑖=1

𝑁𝑒

𝝍𝒊 𝒉𝒊 𝝍𝒊

+
1

2
෍

𝑖,𝑗

𝑁𝑒

𝝍𝒊𝝍𝒋 𝒗𝒊𝒋 𝝍𝒊𝝍𝒋 − 𝝍𝒊𝝍𝒋 𝒗𝒊𝒋 𝝍𝒋𝝍𝒊 −෍

𝒊,𝒋

𝝐𝒊𝒋 𝝍𝒊 𝝍𝒋 − 𝜹𝒊𝒋
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ℒ {𝝍𝒊} ≡ 𝐸𝑒 {𝝍𝒊} − σ𝒊,𝒋 𝝐𝒊𝒋 𝝍𝒊 𝝍𝒋 − 𝜹𝒊𝒋 = σ
𝑖=1
𝑁𝑒 𝝍𝒊 𝒉𝒊 𝝍𝒊

+
1

2
σ
𝑖,𝑗
𝑁𝑒 𝝍𝒊𝝍𝒋 𝒗𝒊𝒋 𝝍𝒊𝝍𝒋 − 𝝍𝒊𝝍𝒋 𝒗𝒊𝒋 𝝍𝒋𝝍𝒊 −σ𝒊,𝒋 𝝐𝒊𝒋 𝝍𝒊 𝝍𝒋 − 𝜹𝒊𝒋

𝛿ℒ {𝝍𝒊} =෍

𝑖=1

𝑁𝑒

න𝒅𝒓𝒊 𝛿𝝍𝒊
† 𝒓𝒊 𝒉𝒊𝝍𝒊 𝒓𝒊 +෍

𝑖

𝑁𝑒

න𝒅𝒓𝒊 𝛿𝝍𝒊
† 𝒓𝒊 ෍

𝑗

𝑁𝑒

න𝒅𝒓𝒋𝝍𝒊 𝒓𝒊 𝒗𝒊𝒋 𝝍𝒋 𝒓𝒋
𝟐

𝝍𝒊
† → 𝝍𝒊

† + 𝜹𝝍𝒊
†

−෍

𝑖

𝑁𝑒

න𝒅𝒓𝒊 𝛿𝝍𝒊
† 𝒓𝒊, 𝝈𝒊 ෍

𝑗

𝑁𝑒

න𝒅𝒓𝒋𝝍𝒋
† 𝒓𝒋, 𝝈𝒋 𝒗𝒊𝒋𝝍𝒋 𝒓𝒊, 𝝈𝒊 𝝍𝒊 𝒓𝒋, 𝝈𝒋 −෍

𝑖=1

𝑁𝑒

න𝒅𝒓𝒊 𝛿𝝍𝒊
† 𝒓𝒊, 𝝈𝒊 ෍

𝑗

𝑁𝑒

𝝐𝒊𝒋𝝍𝒋 𝒓𝒊, 𝝈𝒊

−σ𝒊,𝒋𝛿𝝐𝒊𝒋 𝝍𝒊 𝝍𝒋 − 𝜹𝒊𝒋 = 𝟎

𝒉𝒊𝝍𝒊 𝒓𝒊, 𝝈𝒊 + ෍

𝑗

𝑁𝑒

න𝒅𝒓𝒋 𝒗𝒊𝒋 𝝍𝒋 𝒓𝒋, 𝝈𝒋
𝟐
𝝍𝒊 𝒓𝒊, 𝝈𝒊 −෍

𝑗

𝑁𝑒

න𝒅𝒓𝒋𝝍𝒋
† 𝒓𝒋, 𝝈𝒋 𝝍𝒊 𝒓𝒋, 𝝈𝒋 𝒗𝒊𝒋𝝍𝒋 𝒓𝒊, 𝝈𝒊 −෍

𝑗

𝑁𝑒

𝝐𝒊𝒋𝝍𝒋 𝒓𝒊, 𝝈𝒊 = 𝟎

𝝍𝒊 𝝍𝒋 = 𝜹𝒊𝒋 (1)
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𝛿ℒ {𝝍𝒊} =0

𝒉𝒊𝝍𝒊 𝒓𝒊 + ෍

𝑗

𝑁𝑒

න𝒅𝒓𝒋 𝒗𝒊𝒋 𝝍𝒋 𝒓𝒋, 𝝈𝒋
𝟐
𝝍𝒊 𝒓𝒊 −෍

𝑗

𝑁𝑒

න𝒅𝒓𝒋𝝍𝒋
† 𝒓𝒋, 𝝈𝒋 𝝍𝒊 𝒓𝒋, 𝝈𝒋 𝒗𝒊𝒋𝝍𝒋 𝒓𝒊 −෍

𝑗

𝑁𝑒

𝜖𝑗𝑖
∗𝝍𝒋 𝒓𝒊, 𝝈𝒊 = 𝟎

𝝍𝒊 𝝍𝒋 = 𝜹𝒊𝒋

𝝍𝒊 → 𝝍𝒊 + 𝜹𝝍𝒊Similarly, 

(1)=(2) 𝝐𝒋𝒊
∗ = 𝝐𝒊𝒋 Self-adjoint or Hermitian

∃ Unitary transformation 𝑼, 𝝍𝒊 → ෪𝝍𝒊 = 𝑼𝒊𝒋𝝍𝒋 𝝐𝒊𝒋 → ෦𝝐𝒊𝒋 = 𝑼𝒊𝒌𝝐𝒌𝒎(𝑼
−𝟏)𝒎𝒋= ෥𝝐𝒊 𝜹𝒊𝒋 Diagonalized!

(1),(2)

𝒉𝒊𝝍𝒊 𝒓𝒊 + ෍

𝑗

𝑁𝑒

න𝒅𝒓𝒋 𝒗𝒊𝒋 𝝍𝒋 𝒓𝒋, 𝝈𝒋
𝟐
𝝍𝒊 𝒓𝒊 −෍

𝑗

𝑁𝑒

න𝒅𝒓𝒋𝝍𝒋
† 𝒓𝒋, 𝝈𝒋 𝝍𝒊 𝒓𝒋 𝒗𝒊𝒋𝝍𝒋 𝒓𝒊, 𝝈𝒊 = 𝝐𝒊𝝍𝒊 𝒓𝒊

For convenience, symbols  ෪𝝍𝒊 and ෦𝝐𝒊𝒋 have been changed back into 𝝍𝒊 and 𝝐𝒊𝒋

Hartree-Fock Equation



Koopmans Theorem

Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method



Born-Oppenheimer Approximation



Born-Oppenheimer Approximation: Separate Electronic and Nuclear Motion

A General Many-Body Problem: 
1)  𝑁 nuclei described by coordinates 𝑹 ≡ {𝑹𝟏, 𝑹𝟐, … , 𝑹𝑵} , momenta 𝑷 ≡ 𝑷𝟏, 𝑷𝟐, … , 𝑷𝑵 and masses  

𝑴𝟏,𝑴𝟐, … ,𝑴𝑵

2)  𝑁𝑒 electrons described by coordinates 𝒓 ≡ {𝒓𝟏, 𝒓𝟐, … , 𝒓𝑵𝒆} , momenta 𝒑 ≡ 𝒑𝟏, 𝒑𝟐, … , 𝒑𝑵𝒆 , spins 

𝒔 ≡ 𝒔𝟏, 𝒔𝟐, … , 𝒔𝑵𝒆 and masses 𝒎𝟏,𝒎𝟐, … ,𝒎𝑵𝒆

3)  Hamiltonian: 𝑯 = 𝑻𝑵 𝑹 + 𝑻𝒆 𝒓 + 𝑽𝑵𝑵 𝑹 + 𝑽𝒆𝑵 𝒓, 𝑹 + 𝑽𝒆𝒆 𝒓

Where   nuclei’s kinetic energy  𝑇𝑁 𝑹 ≡ σ𝐼=1
𝑁 𝑷𝑰

𝟐

2𝑀𝐼
;  Electrons’ kinetic energy 𝑇𝑒 𝒓 ≡ σ𝑖=1

𝑁𝑒 𝒑𝒊
𝟐

2𝑚𝑖

Nucleus-nucleus Coulomb Potential 𝑉𝑁𝑁 𝑹 ≡
1

2
σ𝐼,𝐽
𝑁 𝑍𝐼𝑍𝐽𝑒

2

𝑹𝑰−𝑹𝑱
= σ𝐼>𝐽

𝑁 𝑍𝐼𝑍𝐽𝑒
2

𝑹𝑰−𝑹𝑱
𝑍𝐼𝑒: the charge of the nucleus located at 𝑹𝑰

Nucleus- electron Coulomb Potential 𝑉𝑒𝑁 𝒓,𝑹 ≡ −σ𝐼,𝑖
𝑁.𝑁𝑒 𝑍𝐼𝑒

2

𝑹𝑰−𝒓𝒊

Electron- electron Coulomb Potential 𝑉𝑒𝑒 𝒓 ≡
1

2
σ𝑖,𝑗
𝑁𝑒 𝑒2

𝒓𝒊−𝒓𝒋
= σ𝑖>𝑗

𝑁𝑒 𝑒2

𝒓𝒊−𝒓𝒋

Impossible to solve directly when 𝑵,𝑵𝒆 ≫ 𝟏!



Born-Oppenheimer Approximation: Separate Electronic and Nuclear Motion

1) Born-Oppenheimer Approximation 

Approximations: 

2) Hartree-Fock Approximation

𝑚𝑒

𝑀𝑛
< 10−2 ≪ 1 Electrons motion time scare ≪ Nuclei motion time scale

1. (1.1)Electrons follow the nuclear motion adiabatically and are dragged by the nuclei without 
a finite relaxation time; (1.2)Electronic wave function depends on the nuclear positions but not
their velocities  

2. (2.1)Nuclear wave functions are relatively spatially localized and more like a point classical 
particle; (2.2) The nuclear motion sees a smeared-out potential from the speedy electrons 

𝑯 𝒓,𝑹 = 𝑯𝒆 𝒓, 𝑹 + 𝑯𝑵 𝑹 ;  𝑯𝒆 𝒓, 𝑹 ≡ 𝑻𝒆 𝒓 + 𝑽𝒆𝑵 𝒓, 𝑹 + 𝑽𝒆𝒆 𝒓 ,𝑯𝑵 𝑹 ≡ 𝑻𝑵 𝑹 + 𝑽𝑵𝑵 𝑹

𝑯 𝒓,𝑹 𝚿 𝒓,𝑹 = 𝑬𝒕𝒐𝒕𝚿 𝒓,𝑹 𝚿 𝒓,𝑹 ≡ 𝝓𝒆 𝒓, 𝑹 𝝓𝑵 𝑹 𝑯𝒆 𝒓, 𝑹 𝝓𝒆 𝒓, 𝑹 = 𝑬𝒆𝝓𝒆 𝒓, 𝑹
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𝑯 𝒓,𝑹 𝚿 𝒓,𝑹 = 𝑬𝒕𝒐𝒕𝚿 𝒓,𝑹 𝚿 𝒓,𝑹 ≡ 𝝓𝒆 𝒓, 𝑹 𝝓𝑵 𝑹 𝑯𝒆 𝒓, 𝑹 𝝓𝒆 𝒓, 𝑹 = 𝑬𝒆𝝓𝒆 𝒓, 𝑹

𝑯𝑵 𝑹 𝝓𝒆 𝒓, 𝑹 𝝓𝑵 𝑹 = (𝑻𝑵 𝑹 + 𝑽𝑵𝑵 𝑹 )𝝓𝒆 𝒓, 𝑹 𝝓𝑵 𝑹

−ℏ2෍

𝐼=1

𝑁
𝛁𝑰
𝟐

2𝑀𝐼
𝝓𝒆 𝒓, 𝑹 𝝓𝑵 𝑹 = −ℏ2෍

𝐼=1

𝑁
𝟏

2𝑀𝐼
𝝓𝑵 𝑹 𝛁𝑰

𝟐𝝓𝒆 𝒓, 𝑹 + 𝟐𝛁𝑰𝝓𝒆 𝒓, 𝑹 𝛁𝑰𝝓𝑵 𝑹 + 𝝓𝒆 𝒓, 𝑹 𝛁𝑰
𝟐𝝓𝑵 𝑹

= −ℏ2෍

𝐼=1

𝑁
𝟏

2𝑀𝐼
𝝓𝒆 𝒓, 𝑹 𝛁𝑰

𝟐𝝓𝑵 𝑹

−ℏ2

2𝑀𝐼
𝛁𝑰
𝟐𝝓𝒆 𝒓, 𝑹 ≈ ȁ

−ℏ2

2𝑀𝐼
𝛁𝒓
𝟐𝝓𝒆 𝒓, 𝑹 ȁ ≈ ȁ

𝑚𝑒

𝑀𝐼

𝒑𝒆
𝟐

2𝑚𝑒
ȁ ≪ ȁ

𝒑𝒆
𝟐

2𝑚𝑒
ȁ

ȁ
−ℏ2

𝑀𝐼
𝛁𝑰𝝓𝒆 𝒓, 𝑹 𝛁𝑰𝝓𝑵 𝑹 ȁ ≈ ȁ

−ℏ2

𝑀𝐼
𝛁𝒓𝝓𝒆 𝒓, 𝑹 𝛁𝑰𝝓𝑵 𝑹 ȁ ≈ ȁ

𝑷𝑰
𝑀𝐼

𝒑𝒆ȁ ≪ ȁ
𝒑𝒆

2

𝑚𝑒
ȁ

𝑯𝑵 𝑹 𝝓𝑵 𝑹 = (𝑬𝒕𝒐𝒕 − 𝑬𝒆)𝝓𝑵 𝑹 ⇔ 𝝓𝒆 𝒓, 𝑹 𝑯𝑵 𝑹 𝝓𝑵 𝑹 = (𝑬𝒕𝒐𝒕 − 𝑬𝒆)𝚿 𝒓, 𝑹

⇔ 𝝓𝒆 𝒓, 𝑹 𝑯𝑵 𝑹 𝝓𝑵 𝑹 = 𝑯 𝒓,𝑹 − 𝑯𝒆 𝒓, 𝑹 𝚿 𝒓,𝑹 = 𝑯𝑵 𝑹 𝝓𝒆 𝒓, 𝑹 𝝓𝑵 𝑹

⇔ 𝑻𝑵 𝑹 𝝓𝒆 𝒓, 𝑹 𝝓𝑵 𝑹 = 𝝓𝒆 𝒓, 𝑹 𝑻𝑵 𝑹 𝝓𝑵 𝑹

⇔

−ℏ2෍

𝐼=1

𝑁
𝟏

2𝑀𝐼
𝝓𝑵 𝑹 𝛁𝑰

𝟐𝝓𝒆 𝒓, 𝑹 + 𝟐𝛁𝑰𝝓𝒆 𝒓, 𝑹 𝛁𝑰𝝓𝑵 𝑹 = 𝟎⇔

Born-Oppenheimer 
Approximation
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Conclusion: 

𝑯 𝒓,𝑹 𝚿 𝒓,𝑹 = 𝑬𝒕𝒐𝒕𝚿 𝒓,𝑹 ≈ 𝑯𝒆 𝒓, 𝑹 𝝓𝒆 𝒓, 𝑹 = 𝑬𝒆𝝓𝒆 𝒓, 𝑹

𝑯𝑵 𝑹 𝝓𝑵 𝑹 = (𝑬𝒕𝒐𝒕 − 𝑬𝒆)𝝓𝑵 𝑹

𝚿 𝒓,𝑹 ≡ 𝝓𝒆 𝒓, 𝑹 𝝓𝑵 𝑹

𝑯𝒆 𝒓,𝑹 ≡ 𝑻𝒆 𝒓 + 𝑽𝒆𝑵 𝒓, 𝑹 + 𝑽𝒆𝒆 𝒓 , 𝑯𝑵 𝑹 ≡ 𝑻𝑵 𝑹 + 𝑽𝑵𝑵 𝑹

𝑇𝑁 𝑹 ≡ σ𝐼=1
𝑁 𝑷𝑰

𝟐

2𝑀𝐼
;  𝑇𝑒 𝒓 ≡෍

𝑖=1

𝑁𝑒
𝒑𝒊
𝟐

2𝑚𝑖

𝑉𝑁𝑁 𝑹 ≡
1

2
෍

𝐼,𝐽

𝑁
𝑍𝐼𝑍𝐽𝑒

2

𝑹𝑰 − 𝑹𝑱
=෍

𝐼>𝐽

𝑁
𝑍𝐼𝑍𝐽𝑒

2

𝑹𝑰 − 𝑹𝑱

𝑉𝑒𝑁 𝒓, 𝑹 ≡ − ෍

𝐼,𝑖

𝑁.𝑁𝑒
𝑍𝐼𝑒

2

𝑹𝑰 − 𝒓𝒊
𝑉𝑒𝑒 𝒓 ≡

1

2
෍

𝑖,𝑗

𝑁𝑒
𝑒2

𝒓𝒊 − 𝒓𝒋
=෍

𝑖>𝑗

𝑁𝑒
𝑒2

𝒓𝒊 − 𝒓𝒋
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