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Part Il.I1: Magnetic State for Insulators

PW. Anderson, Ch.2: Exchange in Insulators: Superexchange, Direct Exchange, and Double Exchange; Magnetism Volume | Edited by G. T. Rado & H. Suhl



Bohr—van Leeuwen Theorem: Non-existence of Classical Magnetism
Assumptions,
1

Finite System as an Example

+ Uint(Fli FZJ L) FN)

(1) %(G08) = (54 246)) +0a()+ )

j=1

/T(F]) vector potential; Uel(Fj): electric potential energy ;

. AP R R X I
Uc(rj): confinement potential; U;;,¢: many-body interactions ° “ o o4 P
o o o o
® 0o %o 0‘
(2) No mass center rotation, only translational degree of freedom «%e © o °
® o ©

(3) In thermal equilibrium with a heat bath (Canonical Ensemble)

N Classical Electrons

Peierls R.H., Surprises in Theoretical Physics (Princeton University Press, Princeton) 1972.

Baptiste Savoie. A rigorous proof of the Bohr-van Leeuwen theorem in the semiclassical limit.. 2014.hal-00958203v3.
Van Vleck J. H., The Theory of Electric and Magnetic Susceptibilities (Oxford University Press, London) 1932;




Bohr—van Leeuwen Theorem: Non-existence of Classical Magnetism

(E) =TS ..
F(B,N,V(A);B) = = — In(Z(B,N,V(A); B Finite System as an Example
BN V(1) = v MEEN V() BY) y p
Wikipedia: Partition Function
Z(B,N,V(A);B) = th - J dry ...drydDy ... dpye PHT)P;}B) :
h3N added to solve the entropy paradox of classical thermodynamics ® o © ® o0 “l
M8, N, V(A): B) = dF 1 dIn(Z(B,N,V(A);B)) ° o, “ o . :
BN, V(A);B) := dB V(AP dB :.0“.0‘ A
Canonical Transformation: Lo ®e : ®9
L -0 . e_\_\ R ]:a(p] )=1 “““ ‘.
(5,73}~ {5} = B+ ~A(7). 73} o(°, 7 0 %0 % .
e o, ¢°
RPN . ° ® °
}[({q},{pj},B) dry ...drydp, ...dpy ° ‘Q ° .o °,

7' ({r;} {pj}B) = :H({ P B=0)  d7y..dVydp]..dpy
N Classical Electrons

Z(B,N,V(A);B) = J j dry ...drydp) ... dpYe P PE=0) = Z(B N,V(4); B = 0)

h3NN|

M(B,N,V(A);B) =0 ! 3 ({7),(5,}: B) =Z[ P+ A( +uel( ) + U (7)

+ Uine (71,72, -, )



Heisenberg-Dirac Exchange Interaction
Assumptions

(1) N orthonormal Orbits |ay), |az), ..., |an); (@) = |ay, ap, ..., ay) ) =i iv) 10) = |01,0s0 0 00)

P%a) =

Aj) Aj, oev ak> P%lo) = |am, o at) P € P ={N! permutations of 1,2,3...N}

HO|LP) = Eo|l¥W) |W) = |p)|y)  Spin-Statistics Theorem  Pi;|'¥) = (PN (Pe3ilx) = —1)x) = — W)

1 1 _ 1
= @ po po = lay, @) + |y, a =—[|1,-1)—|-1,1
) = PZEPP 9 0 =gE > Ol W= glaw)taa) W (1L =D —1-11)]
(2) Perturbation Problem: (¥|V|¥) = (¢ |V|y) < (Y|Hy|y)
Ne Ny [N N N N N
(3) (PT|V|PT') = (F|V|F') V:lz e’ fdr|r><rl = jdrlPr><Prl =1
24 [r; — 7

(Paaa|V|Paba> (r'|Ppa) = (Pr'|PpPa) (P,a|T) = (P Pa|PT)

= jd?d?’(P“aalF) (r|VI|r' W7 |P% a) = jd?d?’(P“aPalP?) (r|V|r'{PT'|P*,Pa)
= j d7d7'(P% ,Pa|PT) (PT|V|PT )}(PT' |P*,Pat) = f drdr' (P Pal7) (r|V|7 )7 |P*,Pa)y = (P*,Pa|V|P*,Pa)

P.A.M.Dirac, Proc.Roy.Soc. A123, 714 (1929)



HEISenberg'D|rac EXChange InteraCtlon Pan_1 € P ={N! permutations of 1,2,3...N}

P — Pab_l
(P*,alV|P%pa) = (P Pa|V|P*,Pa) = (P%,P%, 'a|V|a) =V, P'®=Pa,pa,
n! x nl n! Z|P“a)(P“a| —1

hs = Z(FlPaaa)(P“aaIVIP“ba) — (FIV|P"y0) = ro s = Z(rlP“aa)VPr — Z( PP )Vt = (7] 8 pra V praP'® |

Pa Pla

1N, e?

Pla l<]
v |¥,)
a _ o
P;|¥,) = (PYl¥, Dlxn) = =1, )P |xn) = —Pij° |¥,) === P%;; = —Pj;
1 ? 1 +1 g.zlg.
— S: = _’S.Z = T —= l l
P; ——{1+al g} € {1,6,3®{1,5;} 2 T2 T 2
L. |
-1 . IV = VI Evij§{1+0'i'0'j}:VI—EJU{Z‘FSL"S]'}
Pl] GLP'j = 0j 1<j i<j
2
1L Vi=alVla)  Jy = (ga| >
P;i’c;P;° =g, LA <a’a [re— )] |71 P.A.M.Dirac, Proc.Roy.Soc. A123, 714 (1929)




Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method

Variational Method to Calculate Ground State and Energy
(w|H|¥)

(WIW) )
1) € = Ey, E the ground state of Hamiltonian H

Energy Functional ¢[y¥] =

2) e = E,, iff ¥ is the ground state

Proof: spectral Theorem: H :jdEIE)E(EI I = jdElE)(EI H|E) = E|EY E = E,
oy = (PUAY) _ JAEERRIE)® | JAEEYIEN® _ Eo [AEKYIE)?
(YY) (Yl T (P|P) B (P|WP)
- Eo(W|I|W)

gy = Fos iff [¥) = |Eo), e[¥] = Eq

Se[V] 5%e[V]
SY 0, SW2 >0 # V) =~ |EO>




Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method

] " . Ne g N;Ne | 2
Variational Problem: Hartree-Fock Equationr.m=) 2 vaocm=-> 2
im1 m; T |RI rll
With respect to the changes in the orbitals ~ ¥; = ¥; + 6y; Ne Ne
1 e e
o ~ Vee(r)zfzh- ril _z|r Tl
Minimize Eyr[¥] = (LIJ|H |Lp> — F [{llji}] = |ri—rj|  &ri-Ty
_ p% _ C Ze* b = e*
e(r R) — [ e(r)+VeN(r R)]""Vee(r) _Eh +2UU l _Zmi - |R1—Ti| Y |1‘i—1‘j|

i>j

Lagrange Multipliers Method
LI{Yi}] = E.[{¥i}]

Keep Y; orthonormal

=0 - Hartree-Fock Equation
oY, “Self-consistent Field Theory”

_ "
hi(r;o;) + ZJde vii|w;(r, a]-)|2 Y;(ry, o)) —zjdr Y; (7” o;)Yi(rj, 0;)vijp;(r;, 0)) = €;(r;, 0;)
] J



Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method
Initialize Wavefunction

E.[{y;}] = (V|H.|P) Spin-Statistics Theorem
P1(ry) Pa(ry) ¢Ne (r1)
Y(r, o) = — l/J1:(7‘2) l/J2(7:‘2) lIJNe:(rz)
Clwa(rw,) warw,) o W (r,)

1

Eiliz ---iNe¢i1 (7‘1 )lpiz (rz ) ll)iNe (rNe ) Repeated indices summed up

1, iyiy..iy, is an even permutationof 123 ..N,
Completely Antisymmetric Tensor €iyip..iy, = —1,i4i; ...iy, is an odd permutationof 123 .. N,
0, otherwise



Problems about Magnetism in Crystal Lattices of Insulators

. . . . . overlap
First Problem: What is the Magnetic Insulating States? 4
Anderson: What is it that makes a material a magnetic insulator ?
rather than a metal, a semiconductor or a superconductor ?7?? gl 200 R
A g Fermi level
1) Spin reorientations as Low-lying electronic excitation states
Magnetic
metal semiconductor insulator Insulator
2) Mott Insulator b v.s.U
(a)Larged,b<U (b)smalld, b>U _ _
E,(3d7;3 dg) _E,(3d%3d®) = U ~5—15 eV Element Symbol Z Electronic Configuration
Nit Scandium Sc 21 1s* 257 2p° 357 3p° 3d' 45°
.<—>. ® ©© © o Titanium Ti 2 15?257 2p° 35* 3p°® 3d" 4s°
b~1—2eV Vanadium ~ V 23 152252 2p° 357 3p 3 457
@ ®© ¢ ¢ o o Chromium  Cr 24 15257 2p° 352 3p° 3 4s'
. '3+ 2902 D6 22 26
le:. ‘ Ni Manganese Mn 25 152252 2p° 357 3p° 3d° 45
& & ? 2 ‘ Iron Fe 2 152257 2p° 352 3p° 3d° 457
" ‘ Y '. ? Cad _ Cobalt Co 27T 15?257 2p®3s* 3p° 3d’ 457
. . . Hypothetical plot of energy E against number  of pairs, (a) for large separations Nickel Ni % 15°25* 2p° 35* 3p° 3d" 4s°
Paramagnetic Cubic NiO between atoms as in Ni0, (5) for small separations as in metals Copper Cu 2 152252 2p° 352 3p° 3d10 4s'
Zinc Zn 30 157257 2p° 357 3p° 3d" 457

N F Mott 1949 Proc. Phys. Soc. A 62 416



Problems about Magnetism in Crystal Lattices of Insulators

Second Problem: wavefunction Dilemma

(1) Orthogonality Dilemma: Overlap
(2) Modified Wavefunction in a crystal

Way out:

(1) Ligand Field Theory Aspect

(2) How magnetic ion interact with each in lattice

® |\agneticion e Ligandion

P. W. Anderson, Phys. Rev. 115, 2 (1959)

o — /©

Isolated ion orbital

Ligand field
wavefunction
undisturbed by
other magnetic
ions

Well-defined
energy level and
wavefunction
belonging to each
magnetic ion, not
changed by other
magnetic ion

»

In Crystal

Agreement of
Hyperfine
interaction with
ligand ion nuclei
between dilute and
concentrated
versions of the same
salts and between
paramagnetic and
AFM temperature
regions

Agreement of crystal
field parameters and
exchange integrals in
concentrated and
dilute systems

R. G. Shulman and V.
Jaccarino, Phys. Reuv.
103, 1126 (1956);
107, 1196 (1957); 108,
1219 (1957)
A.M.Clogston, et al,
Phys. Rev. 117, 1222
(1960)

J.H.E.Griffiths, et al,
Proc. Roy. Soc. A250, 84
(1959)
JW.Stout, J. Chem. Phys.
31, 709(1959)



Theoretical Frame for Magnetism of Insulators

Ligand Field Theory Aspect &
Nonmagnetic electrons N\

(1) As known core electrons unchanged by @=@ interaction & &

(2) Contribute to the self-consistent field with wavefunction

orthogonal to that of magnetic ions e

(3) Make partial covalent bond with 3d functions: anti-bonding

N

Solution. or Band Theory + Hartree-Fock Method

Onze-electron Problem + Coulomb Correlation -

;’—m Wi (r) + V) (r) + z j drj v | (r)[* | Wi @) —zz j dr; ! (1), 0 Wi (r), 0oy () = €W ()
Yi(r) = e“‘""uk(r]) ur(r + R) = uy(r) nY Wannier Functions

To eachd band “m”, H, Yt (r) = €(k) Yr(r) em(k) =cp + Z b, (R)e*R  a, (r—R) = \/iﬁz etk Ryt (1)
R K

H,.a,,(r—R) =c,a,(r—R)+ Z b,($a,(r—R-S) Hga,(r—R)=c,a,(r—R)+ z b,.(P)a, (r—R—P)
S

m' P



Theoretical Frame for Magnetism of Insulators
Interactions Between Magnetic Electrons ©® e e e o o

(1) On the same ion core ® © o o o o

(1.1) Coulomb Repulsion: U ® t_Pf ® o o

(1.2) True exchange energy for parallel spin: J....../ [WIT) —= 1L 1)]0) Or [0)[L 1)

(1.3) Relative orientations of the orbits contribute to U

/(P)

mm _ _

(2) On different ions: Exchange Effects am(r = R) > am(r = R) +z Am! (T = R = P)
/(P)

Direct exchange ,Superexchange, Double Exchange, G (r—R—P) > a,(r—R—P)+ Z M2 G (= R)

Indirect and Polarization Effect. b2

AE (parallel — antiparallel) = — E(L D0 —E(OT)

b 1(P)]? 1 ! — b’ :_Z_bz
z ImmU( )| (—5+2s5 - sip)  EQORD)-EGDM) 0

AE =

m,m' R P

E(IOL ™) —E(VIT) = E(L D0 —E(VIT) =U



Supplementary Materials



Permutation Symmetry for Many-body System
OPI) = 1Pg)  10)=lardzaw) [ daladal =1
Y(q) = (q|¥)

(1) V |g) and |¥)

<1P+ q“l’> = {q|P|¥) = qu’<qIIPIq’><q’I‘P> =qu’<qIIP’q’)‘P(q’) =¥ (P™'q) = (P™'q|¥)
T _ p-1

(2) If W) =1q').(qIPlq’) = (q|Pq') = 6(q — Pq") = 6(P1q — q') = (P~1qlq’)

(3) (q|H|q') = (Pq|H|Pq') = <q|]1>>—11-1[p>|q’) — H =P 1HPor HP = IPH A constant of motion

= P

(4) Casimir operator:

. Yl P Yiey PcPiPc !
real variables y. = ——=—, where P;e Class c, or y. = , Where P.e Class c,
C Ne l C n C

P;e All Permutations, n = N!

Suppose there are m classes, then they correspond to m Casimir operators : Y1, X2, --» Xm.»

which are absolute constants of motion and whose eigenvalues can be used to label stationary states.
P.A.M.Dirac, Proc.Roy.Soc. A123, 714 (1929)



Wannier Function: from Bloch states to local orbitals

. . . . — ik- R
Periodicity of crystal lattice: ¥m, (1) = \/— z an(R; T)e

1 ——

r) — (N ,—ikR;

Localized orbitals as Wannier function: an(R;,T) = NI E Y e(Me 0
k

1. an(R;,7) = a,(r — R;), i.e. V lattice vector R,,, a,,, (R}, T) = a,(Rj + R, 7 + R,,)

Hint: ws,E(F + R,) = eiE'RnlpS’E(?)’.
2. An orthonormal basis: f d3ram*(Rk, F)am(Rj,?) _ SRijj

3. Since Bloch states defined up to an overall phase II)mE(?) — ewt[JmE(?), Wannier function

can be chosen as the maximally-localized set: am(Rj, ?) localized around R; and rapidly goes
to zero away from R;. For 1-dimension and potentially separable cases in higher dimensions,
the maximally-localized set is unique.[?]



Variational Calculation for H-F Method



Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method
Variational Problem: Variational Calculation

Eoltpo)] = (PIRLI®) = (|20, b+ 2N vy ) = > win |q:>+2 W[, |9)
i=1 i>]

1
(P|h|P) = fdr1d7'2 dry, e W1 Einiz..in, l/Jl1(7'1 01)1/%2(7'2 a2) .. 1/’;,\, (rn, on,)hi€jj,. Wi (11, 01) ¥j, (12, 02)
"'II)]Ne (rNe' O-Ne) Ne! lllZ---lNeE]1]2---]Ne lf drl lpll(rll 0.1)1/)]1 (rll 0-1)] lf drk lljlk(rkl Gk)hklpjk(rkr O-k)]
+ 1
S drw, Wiy, (rng on )W, (rve on,)| = o1 Etrizing Einizdne Win[Wha) - (Wi | W) ---<‘/’iNe ¢iNe>

1 1
N |El1l2 lNe€]1]2 JNg l1]1 <¢1k|hk|¢1k> INgJNe — = N, lEll---lk---lNeEll---]k---lN <¢1k|hk|¢]k)

— Z?,,:jk:]_(Ne _ 1)' 6ikjk <¢lk|hk|ll}]k) = Zlk N, (lplk|hk|lplk> - NieNehpklhkllpk) = (kalhkl"l)k)

Ne Ne
€iyigin, €iq.fiin, — 2 (Ne — D! €123 v,—1)°8ij,, = z (Ne —1D)! 6;,j,

I jr=1 I jr=1



Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method
Variational Problem: Variational Calcujation N,
E.[(y;})] = (P|H,|P) = Mz hi + 202 vij tp> 2(lp|h |'P)+2 P|v;;|P)

=1 1>j
1 T
(P|vim|¥) = [ dridr, ... dry, N_e!eiliz...iNelI)il (rq, 01)1/)1'2 (r, 03) ---‘/’iNe (TNe» aNe)vkmejljz...jNe¢j1 (ry,04)
1

.'.
Yj, (r2,02) ---IIJjNe (rNe» UNe) = N_eleiliz...iNeEjljz...jNe [f dry ¢i1 (T1;01)¢j1 (11, 01)]
L T
lf dry dry,p;, (1, ak)tljfm(rm, ) VikmWj, Tk, 61)Pj. (T, Um)] lf dry, ¥;, (TNe»UNe)IIJjNe (rNe:O'Ne)]

- Niegeiliz---iNeEhiz---iNe (¢i1|¢i1> <¢ik¢im|vkm|¢jk¢jm> <ll}iNe ll)].Ne>

1 1
TN, |€lllz ing €jvizdn, l1]1 (¢1k¢1m|vkm|¢1k¢1m>' INeJN, N_e!Eil---ik:---im---iNeEil---jk---jm---iNe(ll)iklpim|vkm|¢jk¢jm>

1
= i V=D CuiBimim ~ Ot Otmii) Wit Wi | Vkom [¥, ¥51)

Ne
= Zicein voveep (Wotlin [ Viem Wi i, ) = 1,01, |Viem |91, W0, = @il Viem Y1) — Wil Viem ¥t
Ne Ne
€1y ippmimoin, €11 fiedming = z (Ne — 2)! €123, (N,-2)% (81,5 Biy . — Oinj Bi i) = z (Ne —2)! (64,,0i,j.. — OirjGinip)

ikiim:jkijm ikiim'jkijm



Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method
Variational Problem: Variational Calcujation

E.[{¥:}] = (P|H.|P) = <‘I’\Z hi + 208 vy > 2(ql|h|ly)+z w|v,;|P)

i>j

Ne

Ne
= > Wil + ) [t Vi Vichm) — Withml Viem Pt
k=1

k>m

(Yrlhg|py) = fdrk lpZ(rk: o1 )h P (ry, o) (YYm|Viem|Y1rPm) = jdrk dr | YTk, ) 1* Vi | W (P, o) 1%

(ViYm|Viem|PYm¥Pr) = j dry drm‘/’lt o )W Py ) Vi W (i G1) Wi (i O

clpd] = Elwd] - ) ey ((Wuly)) ~ 5y) = Z«p,mleo

Lj

Ne
1
+5 2wy lvylwasy) - (b loglwwd] - D ey (wil) - 5y)
L]

ij



Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method
Variational Problem: Variational Calculation

LI} = E[{(Y:}] — Xy € ((Wilw;) — 655) = Zlivﬁl(lljdhdl/)i)

+ - ZN6[<¢ ¢]|vl]|¢ ¢]> <¢i¢j|vij|¢j¢i>] o z:i,j €ij (<¢l|¢]> o Si]')
II)i - ¢l + 5¢l
£l z [ arswlaonw )+Z | arcswl )z [ arywrovylw ()l

Zjdrl 5ll)l (r;, al)ZJdr aj)vijtp]-(ri, a,-)t[;i( ]) Zfdr, 51/’1 (r;, al)ZeUt[J](rl o;)

Ne

— X1 0€i; (Wilw)) — 645) = 0
N, N,
Z j dry vy |W;(r,07)|" | irs o) —z j dr; 9] (rj,0))¢i(r;, 0, )vij;(ri, o) —Zfiﬂllj(ri, ;) =0

(WilY)) = 8 (1)

hip(ri, o:) +




Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method
Variational Problem: Variational Calculation

Similarly, ¥ = ¥; + 0y; 6LI{Y;}] =
N, N, N,
hip;(r;) + Z j drj v |;(r;, Uj)|2] Yi(r;) — 2 j dr; 1/’;(7']'; o;) (1), 0;)vip;(r;) — Z €;Pj(r,o;) =0
j j j
(Wilw;) =
(1)=(2) ‘ E;,- = €jj Self-adjoint or Hermitian
3 Unitary transformation U, {; > ); = Uijpj €jj = €;j = Uikekm(U‘l)mjz €; 6;; Diagonalized!

(1),(2) ‘ Hartree-Fock Equation

hip;(r;) +

Ne
). f dr; vy;[1;(r;, 05)| }t/w) Z j dr ] (v, 0,)Pi(r; Yoy (i, 00) = epi(ry)
J

For convenience, symbols zpi and €;; have been changed back into Y; and €;;



Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method
Koopmans Theorem



Born-Oppenheimer Approximation



Born-Oppenheimer Approximation: Separate Electronic and Nuclear Motion

A General Many-Body Problem:
1) N nuclei described by coordinates R = {R4,R>, ..., Ry}, momenta P = {Pq, P5, ..., Py} and masses
{M{,M,, ..., My}
2) N, electrons described by coordinatesr = {r4,7r,, ...,rNe} ,momentap = {pl,pz, ...,pNe}, spins
s = {sl,sz, ...,sNe} and masses {ml,mz, ...,mNe}
3) Hamiltonian: H =Ty(R) + T,(r) + Vyy(R) + Vy(r,R) + V(1)
2

.’ . . — P 2
Where nuclei’s kinetic energy Ty (R) = Z}\’:lﬁ; Electrons’ kinetic energy T,(r) = Yiie, PL
I

Z|Ze Z1Z e*
Nucleus-nucleus Coulomb Potential Vyy (R) = }V]ﬁ = }LIﬁ Ze: the charge of the nucleus located at R,
1~R;
: N.N, Zje*
Nucleus- electron Coulomb Potential Vey (1, R) = — 3., ° IRI -
I—7i
e? N, e*
Electron- electron Coulomb Potential 1. (1) = —Zl = Dix
J |rl 1‘]| |ri—r]-|

Impossible to solve directly when N,N_, > 1!



Born-Oppenheimer Approximation: Separate Electronic and Nuclear Motion

Approximations:

1)] Born-Oppenheimer Approximation \
2) Hartree-Fock Approximation N -

me -2 . . . . .
M_ <107« 1 » Electrons motion time scare << Nuclei motion time scale
n

1. (1.1)Electrons follow the nuclear motion adiabatically and are dragged by the nuclei without
» a finite relaxation time; (1.2)Electronic wave function depends on the nuclear positions but not

their velocities

2. (2.1)Nuclear wave functions are relatively spatially localized and more like a point classical
particle; (2.2) The nuclear motion sees a smeared-out potential from the speedy electrons

H(T, R) — He(r; R) + HN (R); He(r: R) - Te(r) + VeN(r; R) + Vee(r);HN (R) = TN(R) + VNN(R)

H(r,R)¥(r,R) = E;ot¥(r,R) ¥(r,R) = ¢.(r,R)Pn(R) H.(r,R)p.(r,R) = E.p.(r,R)



Born-Oppenheimer Approximation: Separate Electronic and Nuclear Motion
H(r,R)¥(r,R) = E;,,¥(r,R) Y@, R)=¢,(r,RApy(R) H.(r,R¢p.(r,R) =E.p.(r,R)

HN(R)(pN(R) — (Etot o Ee)‘PN(R) = ¢e(r; R)HN(R)¢N(R) — (Etot _ Ee)ll-'(r, R)
S ¢ (r,AHNy(R)Ppy(R) = (H(r,R) — Ho(r,R))¥(r,R) = Hy(R)$.(r,R)py(R)

& TN(R)¢e(r R)Ppn(R) = (T, R)TN(R)¢N(R) Hy (R)¢p.(r,R)py(R) = (Ty(R) + Vyy(R))P (T, R)PN(R)

= —h? W‘Pe(r R)py(R) = —h? ZW ¢N(R)V12¢e(r: R) + 2V (r,R)Vipn(R) + P, (T, R)VIZ¢N(R)]
T—1 I I
—_H2 R
= —h ZZM, b (r, V2 dy(R)
< —hZE i[OV R P, R) + 29,00 (r, RV p(R)] = 0
— ZV R)| ~ —h? Vz R)| ~ me pe pg
Born-Oppenheimer ‘ZM, [ Pe(r R) |2_M, e R)| Iﬁ,z | < |Zme|
Approximation 2 2 2

—h —h
|_IV1¢e(7‘ ,R)Vi¢py(R)| = |_1Vr¢e(r R)V,pnN(R)| = |_Pe| < |_|



Born-Oppenheimer Approximation: Separate Electronic and Nuclear Motion

Conclusion:

U
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Born-Oppenheimer Approximation: Electronic Berry Connection



