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Perovskite Crystal Structure

Energy Level
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Ligand-Field Theory

Part I: A Simple Introduction(07/30/2020)
Part Il: Molecular-orbital theory (Covalent Bond Theory)

Il.I: Theoretical Frame of Magnetism for Insulators (1 Month)

I.1I: 3d! Covalent Bond Method(3 Month)

Il.11I: Superexchange
II.IV: Goodenough- Kanamori Rule (4 Months)
Part lll: Crystal Field theory (Electrostatic Theory)

111.1: 3d* Model-Based Method (07/03/2020)

11.11: 3d' Symmetry-Based Method (2 Months)

H.1I: 3dY,N > 2 Model-Based Method (5 Months)
11.1V: 3d! Model-Based Method: Phillips-Cohen-Heine Theorem (6 Months)



Part I: A Simple Intro to Ligand-Field Theory

J. Griffith and L. Orgel, Q. Rev., Chem. Soc., 1957, 11,381 —393



What is ligand-field theory?

Deal with the effect of the neighbors of a centered transition-metal magnetic ion on the
behavior of the electrons and hence the properties of the magnetic ion

Two aspects:

Assumptions:
(1) Crystal Field Theory (Electrostatic theory) 1. A combination of CFT and MOT
€034 T 6Dq H : H
\. % e a e, 3. Ignore spin-orbital coupling
% » o 4. Ignore Phonon Modes
o €0;3d ‘;;);3'1 ~aDq t24(3)
(2) Molecular-orbital Theory(Covalent Bond Theory) _
) . H. Bethe, Ann. Physik, 1929, 3, 133
CrE DA>DEF D e J. H. Van Vleck, Phys. Review, 1932, 41, 208.
R . T T ocygen R . Schlapp and W. G. Penney, Phys. Review, 1932, 42, 666.
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Cro DA< o RN\
7 - v Pt N | OzNB e J. B. Howard, J . Chern. Phys., 1935, 3, 813.
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Crystal Field Effect: nd!

Mathematica: symbolic operation
0) (IR;l, 6, &)
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L=0M=-L

5) Diagonalize Hamiltonian

Po0;3d-2 Po0;3d-1 ©0:3d0 Po0;3d+1 Po;3d+2
(=2|H|-2) (=2|V |-1) (=2|V|0) (=2|V [+1) (=2|V |+2)
(=1|Vc[=2) (=1|H|-1) (=1|V |0) (=1|V [+1) (-1|V |+2)
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Crystal Field Effect: nd!
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Crystal Field Effect: nd?!

Pros:
Up to early 1950s, A= 10Dq agree with experimental results as to sign and magnitude

Cons and Later Improvementng-range pure Coulomb potential @

Kleiner(1952), Shulman and Sugano(1963): Revised potential with shielding terms Wrong sign x

W. H. Kleiner, J.Chem.Phys.20, 1784(1952)
R. G. Shulman and S. Sugano, Phys. Rev. 130, 506, 517 (1963)
K. Knox, R. G. Shulman and S. Sugano, Phys. Rev. 130, 512(1963)

Tanabe and Sugano(1956), Phillips (1959), Cohen and Heine(1961): Revised d
functions orthogonalized to the core functions of ligands

Y. Tanabe and S. Sugano, J. Phys. Soc. Japan 11, 864 (1956)

J. C. Phillips, Phys. And Chem. Solids 11, 226 (1959)
J. C. Phillips and L. Kleinman, Phys. Rev. 116, 287(1959); 116, 880 (1959)

Better: right sign and magnitude

M. H. Cohen and V. Heine, Phys. Rev. 122, 1821 (1961)

Freeman and Watson(1960): pointed out Tanabe and Sugano used wrong wavefunction and calculate the Dq with the

right Hartree function _ x
A. J. Freeman and R. E. Watson, Phys. Rev. 120, 1254(1960) Wrong magnitude



Molecular-orbital Theory €
Molecular Orbital, Bond and Hybridizatior @ \

MO: In molecules, a single electron moves in an
averaged field of the nuclei and other electrons and
its motion is described by a MO.

P4 e” Pp
Hartree-Fock Method: Self-consistent Field Theory

Assumptions: LCAO: [P) = C4l@a) + Cplop)

1. Heitler-London Method Hp) = e|) (@alH|W) = (@alelp) (@s|H|Y) = (@plelp)

2. NO degeneracy —Se)? 4 1
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—~ —~ B — Se
S =(palos) B =(@alH|pp) = (@p|H|@a) Covalency Parameter y ~ — —— e:: Axy+S




Molecular-orbital Theory
Molecular Orbital, Bond and Hybridizatio

Anti-bonding MO

€4 /I ,; 1
\. e’ /f 1= (T =)
Bonding MO
Y =yiyPyy = (‘P1A +YP18) (@24 + YP28) X

Nb — [@14924 + Y(‘PlA‘PZB + @22018)1X = PionX T Y¥corX

o bonds

$-P, sp"-

T bonds

P

Hvbrid Orbitals and Geometry

Atomic Orbitals | Hybnid Orbitals Geometry Example
Used Formed Compound
s.p Two sp orbitals
co,
Linear
spp Three sp” orbitals
S0,
Trigonal Planar
S.pP.p Four sp’ orbitals
1055
GeCl,
Tetrahedral
sp.p.pd Five dsp’ orbitals
90° an
PCls
Trigonal B p\rranndal
s.p.p.p.dd Six d’sp’ orbitals
Mo(CO)s




Molecular-orbital Theory
A Naive Bond Model of MX¢(0},): o bond
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Molecular-orbital Theory
Covalent Bond as the Basis of Superexchange and Double Exchange
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Ground State for nd" in Cubic Crystal Field

Two separate tendencies for 3d electrons:

(1) to occupy the orbitals of lowest energy in the ligand field

(2) to go into different orbitals with their spins parallel

dxz_yz,dzz
R A= 20400cm™1
3d1. [TL(H20)6]3+ dxy, dyz; dzx .
A
dfxzfyf Az
3d%  [Cu(H,0)¢]?*
20)6 LY Ly A 12500em-1

dxyr dyz: dx

i

Similarly for 3d?%,3d3,3d®

Tasre 1.

Minimize Total Energy

A V.S

Mm=n,+1,

L. E. Orgel, J.Chem. Phys., 1955, 23,1004.

d-Electron arrangements in octahedral complexes.

N = Number of distinet pairs of electrons with parallel spins.

Number of
d electrons

Arrangement in
weak ligand field

N

Arrangement in
strong ligand field

N

Gain in orbital
energy in strong
field

1 T e _P’ 0 T " :g 0 0
N R N I
R A
! M1 R Y A .
5 (R R 2 1 N B 2“
¢ £ N I 4 2
7 (12 I A A 2% O A
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Ground State for nd" in Cubic Crystal Field

3d* —3d’
Strong-field case: 3d° ferrocyanides [Fe(CN)¢]*~, 3d° (1) putting as many as possible into the low-energy t,, orbital

: : 3 6 3—
Ferricyanides [Fe(CN)¢]*~, 3d” [Co(NH3)6] (2) distributing them so as to maintain a maximum number

of parallel spins

LOW Spin A > H TasBLE 1. d-Electron arrangements in octahedral complexes.

N = Number of distinet pairs of electrons with parallel spins.

T T | Number of Arrangement in . Arrangement in N | i e o,
| | l d electrons weak ligand field strong ligand field A
Weak-field case: 3d° hydrated manganous ion [Mn(H,0)¢]%, ; TTT - (; % _ ? 2
3d° [Fe(H,0)6]3", 3d° [Fe(H,0)4]** 3 Mt - s M — 3 0
| SRR (A
High spin 4]* AL IT 6 VS YA TR AP\S TR S
4’7 4’7 | 7 NNE 1 N 1 9 A
8 ANt s AN M B 0
R. Tsuchida, Bull. Chem..SOC.,Japan,1938, 13,388, 436, 471 ' WA NT e NARA ] e "




Conclusion
Molecular-orbital theory: Orbital Overlap & Charge Transfer

Strong-field case
Weak-field case

€034 + 6Dq
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0;3d cona — 4Dq 24(3)

Crystal Field theory: Coulomb Interaction
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1T Bond between Transition Metal and Ligands lon
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Factors Affecting Crystal Field Splitting



Factors that Affect Crystal Field Splitting

1) Nature of the ligand:
Spectrochemical Series

I"T<Br <§ <SCN <ClI"<NO, <N"<F <OH <C0O/ <0 <HO
< NCS™ < CH,C=N < py < NH, < en < bpy < phen < EO_,_ < PPh; < CN- < CO

_ _ increasing A, _ _
weak field ligands > strong field ligands

= Ligands with the same donor atoms are close together in the series.
= Ligands up to H,0 are weak-field ligands and tend to result in high-spin complexes.

= Ligands beyond H,0 are strong-field ligands and tend to result in low-spin complexes.

= CFT can not explain why certain anionic ligands lies lower in the series than neutral
ligands, although reverse should be expected based on electrostatic interactions.

= |t also can not explain why OH" lies lower in the series than H,0 and NH,;, although
reverse should be expected, since dipole moment of OH" is greater than H,0 and NHa.




Factors that Affect Crystal Field Splitting

Nature of Ligand
Complex A, (cm?)
[CrCIJ* 13640
[Cr(H,0)]** 17830
[Cr(NH,)J** {21680
[Cr(CN) ] 26280

Oxidation State of Metal lon

Nature of Metal lon

Complex A, (cm?)
[Fe(H,0)¢]* 9400
[Fe(H,0)¢]** 13700
[Co(H,0) > {9300
[Co(H,0)]*  |18200

TE 40 000
<
32 000
24000
| | [
Co(IIT) Rh(IIT) Ir(LIT)
Group 9 metal centre
Complex A, (cm?)
[Co(NH,)¢]* 24800
[Rh(NH,)]** 34000
[Ir(NH3)6]3+ 41000

Thumbs of rules for the first transition series S¢c — Zn:

A. For hydrated bivalent ions, A€ [7500 — 12500] cm ™!

B. For hydrated tervalent ions, A€ [13500 — 21000] cm™?

C. A for their complexes with any given metal increases along the
sequence: [, Br~,Cl™,F~, H,0, oxalate, pyridine, NHs,

ethylenediamine, NO, ,CN".

D. For the compounds of the second and third series is 40 — 80%

larger than for corresponding compounds of the first series.



Factors that Affect Crystal Field Splitting

Mn2*< Ni2* < Co2* < Fe2t< V2t < Fe3t< Co3t< Mn?* < Mo3t< Rh3*< Ru3t< Pd#* < Ir3+ < Pt4
increasing A,

= This trend is independent of ligand.

2) Oxidation State of Metal lon: A increases with increasing oxidation number of
the metal. This is due to the smaller size of the more highly charged ion, resulting in
smaller metal to ligand distances and hence, a greater ligand field.

3) Nature of Metal lon: Within any periodic group, A, increases down a group
(3d < 4d < 5d). This is due to the larger size of the 4d or 5d orbitals compared with
the compact 3d orbitals and the consequent stronger interactions with the ligands.

" For a given ligand and a given oxidation state, A  varies irregularly across the first
row transition metal elements.

Complex A, (cm)
Cr(H,0).]3* 17400
[Fe(H,0)¢]** 14000
[Co(H,0)¢]* 20760




Hartree-Fock Molecular Orbital Theory



Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method

Variational Method to Calculate Ground State and Energy
(w|H|¥)

(WIW) )
1) € = Ey, E the ground state of Hamiltonian H

Energy Functional ¢[y¥] =

2) e = E,, iff ¥ is the ground state

Proof: spectral Theorem: H :jdEIE)E(EI I = jdElE)(EI H|E) = E|EY E = E,
oy = (PUAY) _ JAEERRIE)® | JAEEYIEN® _ Eo [AEKYIE)?
(YY) (Yl T (P|P) B (P|WP)
- Eo(W|I|W)

gy = Fos iff [¥) = |Eo), e[¥] = Eq

Se[V] 5%e[V]
SY 0, SW2 >0 # V) =~ |EO>




Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method

Variational Problem: Hartree-Fock Equation

With respect to the changes in the orbitals  ¥; = P; + 6Y;

Minimize  Eyp[W] = (LP|I’-I\e|‘P) = Eo[{;}]

Lagrange Multipliers Method
LI{Y}] = Ec[{¥;]]

6L[{1;}]
; =0 # Hartree-Fock Equation

“Self-consistent Field Theory”

Keep Y; orthonormal

Ne
hip;(r; 0;) + Zjdrj vii|w;(r, Gj)| Yi(ry, o) — Zjdr 1/’,( ,0;);(rj, 0;)vijp;(r;, 0;) = €p;(r;, 07)
J




Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method
Variational Problem: Variational Calculation

Ne o
_ _ Di
Ee[{lljl} — <"P‘H "P) Te(r) = anli
=1
Ne Ne l
N,N,
Ho(r,R) = [Te@) + V(R + Voo = ) bt ) vy Z,e?
i=1 i>) en(r, R) = = IR, — 1]
N
_ p; Z e’ _ e’ . .
h‘:2m_ |R—r|v1_|r—r| 1 e? G
Lo T vt Vee () = 52 = 2
ij |rl_rj| i>j |ri_r]|
Y1(ry,01) Pa(ry,0q) v Yy, (r,0q)
1 1
W(r o) = — ¢1(rz o2) 1112(1‘2 o2) ‘/JNe(?;z,O'z) — Tfiliz...me‘/’il(rl»"1)‘/’1'2("”2:"2) Wiy (Tn,0n,)
1/J1(7‘N oy, ) 1/)2(7‘N oy, ) " 1/’1\/6(7‘1\/3,Uzve)_ Repeated indices summed up

1, iyi;..1Iy, is an even permutationof 123 ..N,

Completely Antisymmetric Tensor €iyiy. iy, = —1,i,i; ...iy, is an odd permutationof 123 ..N,
0, otherwise



Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method
Variational Problem: Variational Calculation

Eoltpo)] = (PIRLI®) = (|20, b+ 2N vy ) = > win |q:>+2 W[, |9)
i=1 i>]

1
(P|h|P) = fdr1d7'2 dry, e W1 Einiz..in, l/Jl1(7'1 01)1/%2(7'2 a2) .. 1/’;,\, (rn, on,)hi€jj,. Wi (11, 01) ¥j, (12, 02)
"'II)]Ne (rNe' O-Ne) Ne! lllZ---lNeE]1]2---]Ne lf drl lpll(rll 0.1)1/)]1 (rll 0-1)] lf drk lljlk(rkl Gk)hklpjk(rkr O-k)]
+ 1
S drw, Wiy, (rng on )W, (rve on,)| = o1 Etrizing Einizdne Win[Wha) - (Wi | W) ---<‘/’iNe ¢iNe>

1 1
N |El1l2 lNe€]1]2 JNg l1]1 <¢1k|hk|¢1k> INgJNe — = N, lEll---lk---lNeEll---]k---lN <¢1k|hk|¢]k)

— Z?,,:jk:]_(Ne _ 1)' 6ikjk <¢lk|hk|ll}]k) = Zlk N, (lplk|hk|lplk> - NieNehpklhkllpk) = (kalhkl"l)k)

Ne Ne
€iyigin, €iq.fiin, — 2 (Ne — D! €123 v,—1)°8ij,, = z (Ne —1D)! 6;,j,

I jr=1 I jr=1



Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method
Variational Problem: Variational Calcujation N,
E.[(y;})] = (P|H,|P) = Mz hi + 202 vij tp> 2(lp|h |'P)+2 P|v;;|P)

=1 1>j
1 T
(P|vim|¥) = [ dridr, ... dry, N_e!eiliz...iNelI)il (rq, 01)1/)1'2 (r, 03) ---‘/’iNe (TNe» aNe)vkmejljz...jNe¢j1 (ry,04)
1

.'.
Yj, (r2,02) ---IIJjNe (rNe» UNe) = N_eleiliz...iNeEjljz...jNe [f dry ¢i1 (T1;01)¢j1 (11, 01)]
L T
lf dry dry,p;, (1, ak)tljfm(rm, ) VikmWj, Tk, 61)Pj. (T, Um)] lf dry, ¥;, (TNe»UNe)IIJjNe (rNe:O'Ne)]

- Niegeiliz---iNeEhiz---iNe (¢i1|¢i1> <¢ik¢im|vkm|¢jk¢jm> <ll}iNe ll)].Ne>

1 1
TN, |€lllz ing €jvizdn, l1]1 (¢1k¢1m|vkm|¢1k¢1m>' INeJN, N_e!Eil---ik:---im---iNeEil---jk---jm---iNe(ll)iklpim|vkm|¢jk¢jm>

1
= i V=D CuiBimim ~ Ot Otmii) Wit Wi | Vkom [¥, ¥51)

Ne
= Zicein voveep (Wotlin [ Viem Wi i, ) = 1,01, |Viem |91, W0, = @il Viem Y1) — Wil Viem ¥t
Ne Ne
€1y ippmimoin, €11 fiedming = z (Ne — 2)! €123, (N,-2)% (81,5 Biy . — Oinj Bi i) = z (Ne —2)! (64,,0i,j.. — OirjGinip)

ikiim:jkijm ikiim'jkijm



Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method
Variational Problem: Variational Calcujation

E.[{¥:}] = (P|H.|P) = <‘I’\Z hi + 208 vy > 2(ql|h|ly)+z w|v,;|P)

i>j

Ne

Ne
= > Wil + ) [t Vi Vichm) — Withml Viem Pt
k=1

k>m

(Yrlhg|py) = fdrk lpZ(rk: o1 )h P (ry, o) (YYm|Viem|Y1rPm) = jdrk dr | YTk, ) 1* Vi | W (P, o) 1%

(ViYm|Viem|PYm¥Pr) = j dry drm‘/’lt o )W Py ) Vi W (i G1) Wi (i O

clpd] = Elwd] - ) ey ((Wuly)) ~ 5y) = Z«p,mleo

Lj

Ne
1
+5 2wy lvylwasy) - (b loglwwd] - D ey (wil) - 5y)
L]

ij



Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method
Variational Problem: Variational Calculation

LI} = E[{(Y:}] — Xy € ((Wilw;) — 655) = Zlivﬁl(lljdhdl/)i)

+ - ZN6[<¢ ¢]|vl]|¢ ¢]> <¢i¢j|vij|¢j¢i>] o z:i,j €ij (<¢l|¢]> o Si]')
II)i - ¢l + 5¢l
Ll j dr, Z&pl (ry, 6 ) haps(ry, 6) + f dr, Z&pl (rs a,)z J drj P;(ri, 0wy Wi (1), 0;)|°

jdrlz 5ll)l (r;, al)ZJdr aj)vijtp]-(ri, a,-)t[;i( ]) fdrlz 51/’1 (r;, al)z €;jY;(r; ;)

Ne

— X1 0€i; (Wilw)) — 645) = 0
N, N,
Z j dry vy |W;(r,07)|" | irs o) —z j dr; 9] (rj,0))¢i(r;, 0, )vij;(ri, o) —Zfiﬂllj(ri, ;) =0

(WilY)) = 8 (1)

hip(ri, o:) +




Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method

Variational Problem: Variational Calculation
Similarly, ¥ = ¥; + 0y; 6LI{Y;}] =

Ne

Ne Ne
Z j dr; vy |9;(r;, 0,-)|2} Yi(ryo0) - z j dryp; (v, 0))¥i(r), 0;)vi; (ri, 00) - Z €iPj(ry, o) =0
j j

J

hip(r;, o;) +
(Wi[;) =

(1)=(2) ‘ E;,- = €jj Self-adjoint or Hermitian

V Unitary transformation U, ; — 1; = Uijpj €jj = €;j = Uikekm(U‘l)mjz €; 6;; Diagonalized!

(1),(2) ‘ Hartree-Fock Equation

Ne
ZJdri”iilwi( o)
7

For convenience, symbols zpi and €;; have been changed back into Y; and €;;

hiy;(r;o;) + Yi(ry, o) — zjdr 1/)] Ul)llh( Uj)”iﬂ/)j(ri» o;) = €P;(r; 0;)




Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method
Koopmans Theorem



Born-Oppenheimer Approximation



Born-Oppenheimer Approximation: Separate Electronic and Nuclear Motion

A General Many-Body Problem:
1) N nuclei described by coordinates R = {R4,R>, ..., Ry}, momenta P = {Pq, P5, ..., Py} and masses
{M{,M,, ..., My}
2) N, electrons described by coordinatesr = {r4,7r,, ...,rNe} ,momentap = {pl,pz, ...,pNe}, spins
s = {sl,sz, ...,sNe} and masses {ml,mz, ...,mNe}
3) Hamiltonian: H =Ty(R) + T,(r) + Vyy(R) + Vy(r,R) + V(1)
2

.’ . . — P 2
Where nuclei’s kinetic energy Ty (R) = Z}\’:lﬁ; Electrons’ kinetic energy T,(r) = Yiie, PL
I

Z|Ze Z1Z e*
Nucleus-nucleus Coulomb Potential Vyy (R) = }V]ﬁ = }LIﬁ Ze: the charge of the nucleus located at R,
1~R;
: N.N, Zje*
Nucleus- electron Coulomb Potential Vey (1, R) = — 3., ° IRI -
I—7i
e? N, e*
Electron- electron Coulomb Potential 1. (1) = —Zl = Dix
J |rl 1‘]| |ri—r]-|

Impossible to solve directly when N,N_, > 1!



Born-Oppenheimer Approximation: Separate Electronic and Nuclear Motion

Approximations:

1)] Born-Oppenheimer Approximation \
2) Hartree-Fock Approximation N -

me -2 . . . . .
M_ <107« 1 » Electrons motion time scare << Nuclei motion time scale
n

1. (1.1)Electrons follow the nuclear motion adiabatically and are dragged by the nuclei without
» a finite relaxation time; (1.2)Electronic wave function depends on the nuclear positions but not

their velocities

2. (2.1)Nuclear wave functions are relatively spatially localized and more like a point classical
particle; (2.2) The nuclear motion sees a smeared-out potential from the speedy electrons

H(T, R) — He(r; R) + HN (R); He(r: R) - Te(r) + VeN(r; R) + Vee(r);HN (R) = TN(R) + VNN(R)

H(r,R)¥(r,R) = E;ot¥(r,R) ¥(r,R) = ¢.(r,R)Pn(R) H.(r,R)p.(r,R) = E.p.(r,R)



Born-Oppenheimer Approximation: Separate Electronic and Nuclear Motion
H(r,R)¥(r,R) = E;,,¥(r,R) Y@, R)=¢,(r,RApy(R) H.(r,R¢p.(r,R) =E.p.(r,R)

HN(R)(pN(R) — (Etot o Ee)‘PN(R) = ¢e(r; R)HN(R)¢N(R) — (Etot _ Ee)ll-'(r, R)
S ¢ (r,AHNy(R)Ppy(R) = (H(r,R) — Ho(r,R))¥(r,R) = Hy(R)$.(r,R)py(R)

& TN(R)¢e(r R)Ppn(R) = (T, R)TN(R)¢N(R) Hy (R)¢p.(r,R)py(R) = (Ty(R) + Vyy(R))P (T, R)PN(R)

= —h? W‘Pe(r R)py(R) = —h? ZW ¢N(R)V12¢e(r: R) + 2V (r,R)Vipn(R) + P, (T, R)VIZ¢N(R)]
T—1 I I
—_H2 R
= —h ZZM, b (r, V2 dy(R)
< —hZE i[OV R P, R) + 29,00 (r, RV p(R)] = 0
— ZV R)| ~ —h? Vz R)| ~ me pe pg
Born-Oppenheimer ‘ZM, [ Pe(r R) |2_M, e R)| Iﬁ,z | < |Zme|
Approximation 2 2 2

—h —h
|_IV1¢e(7‘ ,R)Vi¢py(R)| = |_1Vr¢e(r R)V,pnN(R)| = |_Pe| < |_|



Born-Oppenheimer Approximation: Separate Electronic and Nuclear Motion

Conclusion:

U

H(r,R)¥Y(r,R) = E;,;¥(r,R)

He(r» R) o Te(r) + VeN(r: R) + Vee(r);

Ne

P? pz
INR) =Xig, T.0)= ) ——
i=1
N.N,

VeN (r, R)

z |RI _ rll

‘I’(r, R) = ¢e (r) R)¢N(R)

Hy (R)(PN(R) = (Etor — Ee)¢N(R)

Hy (R) = Ty(R) + Vyn(R)

Z,Z]e Z,Z]e
T Lt
AR [Ri—R;| &R, —Ry|

Veel 22|r — 1| z|r — 1]

i>j




