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Part I: A Simple Intro to Ligand-Field Theory

J. Griffith and L. Orgel , Q. Rev., Chem. Soc., 1957, 11 , 381 —393



What is ligand-field theory?

(1) Crystal Field Theory (Electrostatic theory) 

(2) Molecular-orbital Theory(Covalent Bond Theory)

Deal with the effect of the neighbors of a centered transition-metal magnetic ion on the 
behavior of the electrons and hence the properties of the magnetic ion 

J. H. Van Vleck, J . Chern. Phys., 1935, 3, 807

Two aspects:

H. Bethe, Ann. Physik, 1929, 3, 133
J. H. Van Vleck, Phys. Review, 1932, 41, 208.
R . Schlapp and W. G. Penney, Phys. Review, 1932, 42, 666. 
O. M. Jordahl, Phys. Review, 1934, 45, 87.
J. B. Howard, J . Chern. Phys., 1935, 3, 813. 

Assumptions: 

1. A combination of CFT and MOT

2. 𝑴𝑿𝟔(𝑶𝒉)

3. Ignore spin-orbital coupling

4. Ignore Phonon Modes



Crystal Field Effect: 𝒏𝒅𝟏

2) 𝑽𝒄𝒇 𝒓 = 𝒒𝟎𝟎 + σ𝑴=−𝟐
𝟐 𝒓𝟐𝒒𝟐𝑴

4𝜋

2𝐿+1
𝒀𝟐
𝑴∗(𝜽,𝝓)

+σ𝑴=−𝟒
𝟒 𝒓𝟒𝒒𝟒𝑴

4𝜋

2𝐿+1
𝒀𝟒
𝑴∗(𝜽,𝝓)

1) 𝒒𝑳𝑴 =
4𝜋

2𝐿+1
σ
𝒊=𝟏

𝒏𝒍𝒊𝒈 𝒁𝒊𝒆
𝟐

𝑹𝒊
𝑳+𝟏 𝒀𝑳

𝑴(𝜽𝒊, 𝝓𝒊)

−𝟐 𝑯 −𝟐 −𝟐 𝑽𝒄 −𝟏 −𝟐 𝑽𝒄 𝟎

−𝟏 𝑽𝒄 −𝟐 −𝟏 𝑯 −𝟏 −𝟏 𝑽𝒄 𝟎

𝟎 𝑽𝒄 −𝟐 𝟎 𝑽𝒄 −𝟏 𝟎 𝑯 𝟎

−𝟐 𝑽𝒄 +𝟏 −𝟐 𝑽𝒄 +𝟐

−𝟏 𝑽𝒄 +𝟏 −𝟏 𝑽𝒄 +𝟐

𝟎 𝑽𝒄 +𝟏 𝟎 𝑽𝒄 +𝟐

+𝟏 𝑽𝒄 −𝟐 +𝟏 𝑽𝒄 −𝟏 +𝟏 𝑽𝒄 𝟎

+𝟐 𝑽𝒄 −𝟐 +𝟐 𝑽𝒄 −𝟏 +𝟐 𝑽𝒄 𝟎

+𝟏 𝑯 +𝟏 +𝟏 𝑽𝒄 +𝟐

+𝟐 𝑽𝒄 +𝟏 +𝟐 𝑯 +𝟐

𝜑0;3𝑑−2 𝜑0;3𝑑−1 𝜑0;3𝑑0 𝜑0;3𝑑+1 𝜑0;3𝑑+2

4) 𝝋𝟎;𝒏𝟐𝒎 𝑽𝒄
𝟎 𝝋𝟎;𝒏𝟐𝒎′ = 𝒅𝟑𝒓𝝋𝟎;𝒏𝟐𝒎׬

† 𝒓 𝑽𝒄𝒇 𝒓 𝝋𝟎;𝒏𝟐𝒎′
𝒙

𝒛

𝒚
−𝒁𝟎𝒆

𝑅𝑖
3) 𝑪𝑳

𝑴 𝒍𝒎; 𝒍′𝒎′ ≡ ׬
𝟎

𝝅
𝒅𝜽𝒔𝒊𝒏𝜽׬

𝟎

𝟐𝝅
𝒅𝝓𝒀𝒍

𝒎†(𝜽,𝝓) 𝒀𝒍′
𝒎′
(𝜽, 𝝓)𝒀𝑳

𝑴∗ 𝜽,𝝓

=
(𝟐𝒍 + 𝟏)(𝟐𝒍′ + 𝟏)

𝟒𝝅(𝟐𝑳 + 𝟏)
𝒍 𝟎 𝒍′ 𝟎 𝑱 𝟎 𝒍 𝒎 𝒍′𝒎′ 𝑳 𝑴

= ෍

𝑳=𝟎

𝟒

෍

𝑴=−𝑳

𝑳
4𝜋

2𝐿 + 1
𝒒𝑳𝑴න

0

+∞

𝑑𝑟 𝒓𝑳+𝟐 𝑅𝑛𝑙 𝑟
𝟐 𝑪𝑳

𝑴 𝟐𝒎;𝟐 𝒎′

5) Diagonalize Hamiltonian

0) ( 𝑹𝒊 , 𝜽𝒊, 𝝓𝒊)

Mathematica: symbolic operation

𝝐𝟎;𝟑𝒅

𝝐𝟎;𝟑𝒅
′

𝝐𝟎;𝟑𝒅
′ + 𝟔𝑫𝒒

𝝐𝟎;𝟑𝒅
′ − 𝟒𝑫𝒒

𝒕𝟐𝒈(𝟑)

𝒆𝒈(𝟐)

∆= 𝟏𝟎𝑫𝒒



𝑎1𝑔

𝑑𝑧2

𝐷3ℎ

[𝑀 𝑋5]

𝑒1𝑔

𝑑𝑥𝑧 , 𝑑𝑦𝑧

𝑒2𝑔

𝑑𝑥𝑦, 𝑑𝑥2−𝑦2

Crystal Field Effect: 𝒏𝒅𝟏



Crystal Field Effect: 𝒏𝒅𝟏

Cons and Later Improvements:  Long-range pure Coulomb potential

W. H. Kleiner, J.Chem.Phys.20, 1784(1952)

Up to  early  1950s, ∆= 10𝐷𝑞 agree with experimental results as to sign and magnitude
Pros:  

Kleiner(1952), Shulman and Sugano(1963): Revised potential with shielding terms Wrong sign 

R. G. Shulman and S. Sugano, Phys. Rev. 130, 506, 517 (1963)

K. Knox, R. G. Shulman and S. Sugano, Phys. Rev. 130, 512(1963)

Y. Tanabe and S. Sugano, J. Phys. Soc. Japan 11, 864 (1956)

Tanabe and Sugano(1956), Phillips (1959), Cohen and Heine(1961): Revised d
functions orthogonalized to the core functions of ligands

J. C. Phillips, Phys. And Chem. Solids 11, 226 (1959)

J. C. Phillips and L. Kleinman, Phys. Rev. 116, 287(1959); 116, 880 (1959)

M. H. Cohen and V. Heine, Phys. Rev. 122, 1821 (1961)

Better: right sign and magnitude

Freeman and Watson(1960): pointed out Tanabe and Sugano used wrong wavefunction and calculate  the 𝑫𝒒 with the 
right Hartree function 
A. J. Freeman and R. E. Watson, Phys. Rev. 120, 1254(1960) Wrong magnitude



Molecular-orbital Theory
Molecular Orbital,  Bond and Hybridization

MO: In molecules, a single electron moves in an

averaged field of the nuclei and other electrons and 
its motion is described by a MO.

Hartree-Fock Method: Self-consistent Field Theory 

ȁ ۧ𝝍 = 𝑪𝑨ȁ ۧ𝝋𝑨 + 𝑪𝑩ȁ ۧ𝝋𝑩LCAO: 

A B

𝝋𝑨
𝝋𝑩

𝒆−

𝒆−

Assumptions:
1. Heitler-London Method

2. NO degeneracy

෡𝑯ȁ ۧ𝝍 = 𝝐ȁ ۧ𝝍 𝝋𝑨
෡𝑯 𝝍 = 𝝋𝑨 𝝐 𝝍 𝝋𝑩

෡𝑯 𝝍 = 𝝋𝑩 𝝐 𝝍

𝝐𝑨 ≡ 𝝋𝑨
෡𝑯 𝝋𝑨 𝝐𝑩 ≡ 𝝋𝑩

෡𝑯 𝝋𝑩

𝑺 ≡ 𝝋𝑨 𝝋𝑩 𝜷 ≡ 𝝋𝑨
෡𝑯 𝝋𝑩 = 𝝋𝑩

෡𝑯 𝝋𝑨

𝝐𝑨 − 𝝐 𝜷 − 𝑺𝝐
𝜷 − 𝑺𝝐 𝝐𝑩 − 𝝐

𝑪𝑨
𝑪𝑩

= 0

𝝐𝑨 − 𝝐 𝝐𝑩 − 𝝐 − 𝜷 − 𝑺𝝐 𝟐 = 𝟎

𝝐𝒂 ≈ 𝝐𝑨 +
𝜷 − 𝑺𝝐𝑩

𝟐

𝝐𝑩 − 𝝐𝑨

𝝐𝒃 ≈ 𝝐𝑨 −
𝜷 − 𝑺𝝐𝑨

𝟐

𝝐𝑩 − 𝝐𝑨

3. 𝝐𝑩 > 𝝐𝑨;
𝜷

𝝐𝑩−𝝐𝑨
, 𝑺 ≪ 𝟏

𝜓𝑎 =
1

𝑁𝑎
𝝋𝑩 − 𝝀𝝋𝑨

𝜓𝑏 =
1

𝑁𝑏
𝝋𝑨 + 𝜸𝝋𝑩

𝜸 ≈ −
𝜷 − 𝑺𝝐𝑨
𝝐𝑩 − 𝝐𝑨

𝝀 ≈ 𝜸 + 𝑺Covalency Parameter



Molecular-orbital Theory
Molecular Orbital,  Bond and Hybridization

A B

𝝋𝑨
𝝋𝑩

𝒆−

𝒆−
𝝐𝑨

𝝐𝑩

𝝐𝒃

𝝐𝒂

Bonding MO

Anti-bonding MO

𝜳 = 𝝍𝟏
𝒃𝝍𝟐

𝒃𝜒 =
𝟏

𝑵𝒃
𝝋𝟏𝑨 + 𝜸𝝋𝟏𝑩 𝝋𝟐𝑨 + 𝜸𝝋𝟐𝑩 𝜒

≈
𝟏

𝑵𝒃
𝝋𝟏𝑨𝝋𝟐𝑨 + 𝜸 𝝋𝟏𝑨𝝋𝟐𝑩 +𝝋𝟐𝑨𝝋𝟏𝑩 𝜒 = 𝜳𝒊𝒐𝒏𝜒 + 𝜸𝜳𝒄𝒐𝒗𝜒

𝜒 ≡
1

2
ȁ ۧ↑↓ −ȁ ۧ↓↑

𝜋 bonds



Molecular-orbital Theory
A Naïve Bond Model of 𝑴𝑿𝟔(𝑶𝒉): 𝝈 bond

𝒏 𝒅 electrons + 𝟏𝟐 ligand electrons = 𝒏 + 𝟏𝟐



Molecular-orbital Theory
Covalent Bond as the Basis of Superexchange and Double Exchange

Goodenough- Kanamori Rule: Superexchange Double Exchange



Ground State for 𝒏𝒅𝑵 in Cubic Crystal Field 

Two separate tendencies for 𝟑𝒅 electrons: 

(1) to occupy the orbitals of lowest energy in the ligand field 

3𝑑1: [𝑇𝑖 𝐻2𝑂 6]
3+

𝑑𝑥2−𝑦2 , 𝑑𝑧2

𝑑𝑥𝑦, 𝑑𝑦𝑧, 𝑑𝑧𝑥
∆= 20400𝑐𝑚−1

3𝑑9: [𝐶𝑢 𝐻2𝑂 6]
2+

𝑑𝑥2−𝑦2 , 𝑑𝑧2

𝑑𝑥𝑦, 𝑑𝑦𝑧, 𝑑𝑧𝑥
∆= 12500𝑐𝑚−1

Similarly for  𝟑𝒅𝟐, 𝟑𝒅𝟑, 𝟑𝒅𝟖

(2) to go into different orbitals with their spins parallel 

Minimize Total Energy

L. E. Orgel, J.Chem. Phys., 1955, 23,1004.

∆ v.s. 𝚷 = 𝚷𝐜 + 𝚷𝐞



R. Tsuchida, Bull. Chem..SOC.,Japan,1938, 13,388, 436, 471 

Strong-field case: 3𝑑6 ferrocyanides [𝐹𝑒 𝐶𝑁 6]
4−,  3𝑑5

Ferricyanides [𝑭𝒆 𝑪𝑵 𝟔]
𝟑− , 3𝑑6 [𝐶𝑜 𝑁𝐻3 6]

3−

Ground State for 𝒏𝒅𝑵 in Cubic Crystal Field 

Weak-field case: 3𝑑5 hydrated manganous ion [𝑀𝑛 𝐻2𝑂 6]
2+,

3𝑑5 [𝑭𝒆 𝑯𝟐𝑶 𝟔]
𝟑+, 3𝑑6 [𝐹𝑒 𝐻2𝑂 6]

2+

Low spin ∆≫ 𝜫

High spin ∆≪ 𝜫

(1) putting as many as possible into the low-energy 𝑡2𝑔 orbital 

(2) distributing them so as to maintain a maximum number 
of parallel spins

𝟑𝒅𝟒 − 𝟑𝒅𝟕



Conclusion

Ligand-Field 
Theory

Molecular-orbital theory: Orbital Overlap & Charge Transfer

Crystal Field theory: Coulomb Interaction 

Strong-field case

Weak-field case

Strong-field case

Weak-field case



Supplementary Materials



𝝅 Bond between Transition Metal and Ligands Ion



𝜎 donor 𝜎 donor; 𝜋 donor 𝜎 donor; 𝜋 acceptor



Factors Affecting Crystal Field Splitting





Thumbs of rules for the first transition series 𝑺𝒄 − 𝒁𝒏:

A. For hydrated bivalent ions, ∆∈ 7500 − 12500 𝑐𝑚−1

B. For hydrated tervalent ions, ∆∈ 13500 − 21000 𝑐𝑚−1

C. ∆ for their complexes with any given metal increases along the 

sequence: 𝐼−, 𝐵𝑟−, 𝐶𝑙−, 𝐹−, 𝐻2𝑂, oxalate, pyridine, 𝑁𝐻3, 

ethylenediamine, 𝑁𝑂2
−, 𝐶𝑁−.

D. For the compounds of the second and third series is 40 − 80%

larger than for corresponding compounds of the first series. 





Hartree-Fock Molecular Orbital Theory



Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method

Variational Method to Calculate Ground State and Energy

𝜀 Ψ =
Ψ ෡𝐻 Ψ

Ψ Ψ
Energy Functional 

1) 𝜀 ≥ 𝐸0, 𝐸0 the ground state of Hamiltonian ෡𝐻

2) 𝜀 = 𝐸0, iff Ψ is the ground state

Proof: ෡𝐻ȁ ۧ𝐸 = 𝐸ȁ ۧ𝐸෡𝐻 = න𝑑𝐸ȁ ۧ𝐸 ȁ𝐸ۦ𝐸

𝜀 Ψ =
Ψ ෡𝐻 Ψ

Ψ Ψ
=
𝑑𝐸𝐸׬ Ψ 𝐸 2

Ψ Ψ
≥
𝑑𝐸𝐸0׬ Ψ 𝐸 2

Ψ Ψ
=
𝐸0 𝑑𝐸׬ Ψ 𝐸 2

Ψ Ψ

=
𝐸0 Ψ መ𝐼 Ψ

Ψ Ψ
= 𝐸0; iff ȁ ۧΨ = ȁ ۧ𝐸0 , 𝜀 Ψ = 𝐸0

𝐸 ≥ 𝐸0መ𝐼 = න𝑑𝐸ȁ ۧ𝐸 ȁۦ𝐸

𝛿𝜀 Ψ

𝛿Ψ
= 0,

𝛿2𝜀 Ψ

𝛿Ψ2
> 0 ȁ ۧΨ ≈ ȁ ۧ𝐸0

Spectral Theorem: 



Variational Problem:  𝑯𝒂𝒓𝒕𝒓𝒆𝒆-Fock Equation

Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method

𝐸𝐻𝑃 Ψ = Ψ ෡𝐻𝑒 Ψ = 𝐸𝑒 {𝝍𝒊}Minimize

With respect to the changes in the orbitals 𝝍𝒊 → 𝝍𝒊 + 𝜹𝝍𝒊

ℒ {𝝍𝒊} ≡ 𝐸𝑒 {𝝍𝒊} −෍

𝒊,𝒋

𝝐𝒊𝒋 𝝍𝒊 𝝍𝒋 − 𝜹𝒊𝒋

Lagrange Multipliers Method

Keep 𝝍𝒊 orthonormal

𝛿ℒ {𝝍𝒊}

𝛿𝝍𝒊
†

= 0

𝒉𝒊𝝍𝒊 𝒓𝒊, 𝝈𝒊 + ෍

𝑗

𝑁𝑒

න𝒅𝒓𝒋 𝒗𝒊𝒋 𝝍𝒋 𝒓𝒋, 𝝈𝒋
𝟐
𝝍𝒊 𝒓𝒊, 𝝈𝒊 −෍

𝑗

𝑁𝑒

න𝒅𝒓𝒋𝝍𝒋
† 𝒓𝒋, 𝝈𝒋 𝝍𝒊 𝒓𝒋, 𝝈𝒋 𝒗𝒊𝒋𝝍𝒋 𝒓𝒊, 𝝈𝒊 = 𝝐𝒊𝝍𝒊 𝒓𝒊, 𝝈𝒊

Hartree-Fock Equation

“Self-consistent Field Theory”



Variational Problem: Variational Calculation

Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method

𝑬𝒆 {𝝍𝒊} ≡ 𝜳 ෡𝑯𝒆 𝜳

𝜳 𝒓,𝝈 =
𝟏

𝑵𝒆!

𝝍𝟏 𝒓𝟏, 𝝈𝟏 𝝍𝟐 𝒓𝟏, 𝝈𝟏
𝝍𝟏 𝒓𝟐, 𝝈𝟐 𝝍𝟐 𝒓𝟐, 𝝈𝟐

⋯ 𝝍𝑵𝒆 𝒓𝟏, 𝝈𝟏
⋯ 𝝍𝑵𝒆 𝒓𝟐, 𝝈𝟐

⋮ ⋮
𝝍𝟏 𝒓𝑵𝒆 , 𝝈𝑵𝒆 𝝍𝟐 𝒓𝑵𝒆 , 𝝈𝑵𝒆

⋱ ⋮
⋯ 𝝍𝑵𝒆 𝒓𝑵𝒆 , 𝝈𝑵𝒆

=
𝟏

𝑵𝒆!
𝝐𝒊𝟏𝒊𝟐…𝒊𝑵𝒆𝝍𝒊𝟏 𝒓𝟏, 𝝈𝟏 𝝍𝒊𝟐 𝒓𝟐, 𝝈𝟐 …𝝍𝒊𝑵𝒆

𝒓𝑵𝒆 , 𝝈𝑵𝒆

Completely Antisymmetric Tensor 𝝐𝒊𝟏𝒊𝟐…𝒊𝑵𝒆 = ൞

𝟏, 𝒊𝟏𝒊𝟐…𝒊𝑵𝒆 𝒊𝒔 𝒂𝒏 𝒆𝒗𝒆𝒏 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝟏 𝟐 𝟑 …𝑵𝒆

−𝟏, 𝒊𝟏𝒊𝟐…𝒊𝑵𝒆 𝒊𝒔 𝒂𝒏 𝒐𝒅𝒅 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝟏 𝟐 𝟑 …𝑵𝒆

𝟎, 𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆

𝑯𝒆 𝒓, 𝑹 ≡ [𝑻𝒆 𝒓 + 𝑽𝒆𝑵 𝒓, 𝑹 ] + 𝑽𝒆𝒆 𝒓 =෍

𝑖=1

𝑁𝑒

ℎ𝑖 +෍

𝑖>𝑗

𝑁𝑒

𝑣𝑖𝑗

𝑇𝑒 𝒓 ≡෍

𝑖=1

𝑁𝑒
𝒑𝒊
𝟐

2𝑚𝑖

𝑉𝑒𝑁 𝒓, 𝑹 ≡ −෍

𝐼,𝑖

𝑁,𝑁𝑒
𝑍𝐼𝑒

2

𝑹𝑰 − 𝒓𝒊

𝑉𝑒𝑒 𝒓 ≡
1

2
෍

𝑖,𝑗

𝑁𝑒
𝑒2

𝒓𝒊 − 𝒓𝒋
=෍

𝑖>𝑗

𝑁𝑒
𝑒2

𝒓𝒊 − 𝒓𝒋

ℎ𝑖 ≡
𝒑𝒊
𝟐

2𝑚𝑖
−෍

𝐼

𝑁
𝑍𝐼𝑒

2

𝑹𝑰 − 𝒓𝒊
𝑣𝑖𝑗 ≡

𝑒2

𝒓𝒊 − 𝒓𝒋

Repeated indices summed up
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𝑬𝒆 {𝝍𝒊} ≡ 𝜳 ෡𝑯𝒆 𝜳 = 𝜳 σ𝑖=1
𝑁𝑒 ℎ𝑖 + σ𝑖>𝑗

𝑁𝑒 𝑣𝑖𝑗 𝜳 =෍

𝑖=1

𝑁𝑒

𝜳 ℎ𝑖 𝜳 +෍

𝑖>𝑗

𝑁𝑒

𝜳 𝑣𝑖𝑗 𝜳

𝜳 𝒉𝒌 𝜳 = 𝒅𝒓𝟏𝒅𝒓𝟐…𝒅𝒓𝑵𝒆׬
𝟏

𝑵𝒆!
𝝐𝒊𝟏𝒊𝟐…𝒊𝑵𝒆𝝍𝒊𝟏

† 𝒓𝟏, 𝝈𝟏 𝝍𝒊𝟐
† 𝒓𝟐, 𝝈𝟐 …𝝍𝒊𝑵𝒆

† 𝒓𝑵𝒆 , 𝝈𝑵𝒆 𝒉𝒌𝝐𝒋𝟏𝒋𝟐…𝒋𝑵𝒆𝝍𝒋𝟏 𝒓𝟏, 𝝈𝟏 𝝍𝒋𝟐 𝒓𝟐, 𝝈𝟐

…𝝍𝒋𝑵𝒆
𝒓𝑵𝒆 , 𝝈𝑵𝒆 =

𝟏

𝑵𝒆!
𝝐𝒊𝟏𝒊𝟐…𝒊𝑵𝒆𝝐𝒋𝟏𝒋𝟐…𝒋𝑵𝒆 𝒅𝒓𝟏𝝍𝒊𝟏׬

† 𝒓𝟏, 𝝈𝟏 𝝍𝒋𝟏 𝒓𝟏, 𝝈𝟏 … 𝒅𝒓𝒌𝝍𝒊𝒌׬
† 𝒓𝒌, 𝝈𝒌 𝒉𝒌𝝍𝒋𝒌 𝒓𝒌, 𝝈𝒌 …

𝒅𝒓𝑵𝒆׬ 𝝍𝒊𝑵𝒆

† 𝒓𝑵𝒆 , 𝝈𝑵𝒆 𝝍𝒋𝑵𝒆
𝒓𝑵𝒆 , 𝝈𝑵𝒆 =

𝟏

𝑵𝒆!
𝝐𝒊𝟏𝒊𝟐…𝒊𝑵𝒆𝝐𝒋𝟏𝒋𝟐…𝒋𝑵𝒆 𝝍𝒊𝟏 𝝍𝒋𝟏 … 𝝍𝒊𝒌 ℎ𝑘 𝝍𝒋𝒌 … 𝝍𝒊𝑵𝒆

𝝍𝒋𝑵𝒆

=
𝟏

𝑵𝒆!
𝝐𝒊𝟏𝒊𝟐…𝒊𝑵𝒆𝝐𝒋𝟏𝒋𝟐…𝒋𝑵𝒆𝜹𝒊𝟏𝒋𝟏 … 𝝍𝒊𝒌 ℎ𝑘 𝝍𝒋𝒌 …𝜹𝒊𝑵𝒆𝒋𝑵𝒆 =

𝟏

𝑵𝒆!
𝝐𝒊𝟏…𝒊𝒌…𝒊𝑵𝒆𝝐𝒊𝟏…𝒋𝒌…𝒊𝑵𝒆 𝝍𝒊𝒌 𝒉𝒌 𝝍𝒋𝒌

= σ
𝒊𝒌,𝒋𝒌=𝟏
𝑵𝒆 𝑵𝒆 − 𝟏 ! 𝜹𝒊𝒌𝒋𝒌 𝝍𝒊𝒌 𝒉𝒌 𝝍𝒋𝒌 = σ𝒊𝒌

𝑵𝒆 𝟏

𝑵𝒆
𝝍𝒊𝒌 𝒉𝒌 𝝍𝒊𝒌 = 𝟏

𝑵𝒆
𝑵𝒆 𝝍𝒌 𝒉𝒌 𝝍𝒌 = 𝝍𝒌 𝒉𝒌 𝝍𝒌

𝝐𝒊𝟏…𝒊𝒌…𝒊𝑵𝒆𝝐𝒊𝟏…𝒋𝒌…𝒊𝑵𝒆 = ෍

𝒊𝒌,𝒋𝒌=𝟏

𝑵𝒆

𝑵𝒆 − 𝟏 ! 𝝐𝟏𝟐𝟑…(𝑵𝒆−𝟏)
𝟐𝜹𝒊𝒌𝒋𝒌 = ෍

𝒊𝒌,𝒋𝒌=𝟏

𝑵𝒆

𝑵𝒆 − 𝟏 ! 𝜹𝒊𝒌𝒋𝒌
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𝑬𝒆 {𝝍𝒊} ≡ 𝜳 ෡𝑯𝒆 𝜳 = 𝜳 σ𝑖=1
𝑁𝑒 ℎ𝑖 + σ𝑖>𝑗

𝑁𝑒 𝑣𝑖𝑗 𝜳 =෍

𝑖=1

𝑁𝑒

𝜳 ℎ𝑖 𝜳 +෍

𝑖>𝑗

𝑁𝑒

𝜳 𝑣𝑖𝑗 𝜳

𝜳 𝒗𝒌𝒎 𝜳 = 𝒅𝒓𝟏𝒅𝒓𝟐…𝒅𝒓𝑵𝒆׬
𝟏

𝑵𝒆!
𝝐𝒊𝟏𝒊𝟐…𝒊𝑵𝒆𝝍𝒊𝟏

† 𝒓𝟏, 𝝈𝟏 𝝍𝒊𝟐
† 𝒓𝟐, 𝝈𝟐 …𝝍𝒊𝑵𝒆

† 𝒓𝑵𝒆 , 𝝈𝑵𝒆 𝒗𝒌𝒎𝝐𝒋𝟏𝒋𝟐…𝒋𝑵𝒆𝝍𝒋𝟏
𝒓𝟏, 𝝈𝟏

𝝍𝒋𝟐 𝒓𝟐, 𝝈𝟐 …𝝍𝒋𝑵𝒆
𝒓𝑵𝒆 , 𝝈𝑵𝒆 =

𝟏

𝑵𝒆!
𝝐𝒊𝟏𝒊𝟐…𝒊𝑵𝒆𝝐𝒋𝟏𝒋𝟐…𝒋𝑵𝒆 𝒅𝒓𝟏𝝍𝒊𝟏׬

† 𝒓𝟏, 𝝈𝟏 𝝍𝒋𝟏 𝒓𝟏, 𝝈𝟏 …

𝒅𝒓𝒌׬ 𝒅𝒓𝒎𝝍𝒊𝒌
† 𝒓𝒌, 𝝈𝒌 𝝍𝒊𝒎

† 𝒓𝒎, 𝝈𝒎 𝒗𝒌𝒎𝝍𝒋𝒌 𝒓𝒌, 𝝈𝒌 𝝍𝒋𝒎 𝒓𝒎, 𝝈𝒎 … 𝒅𝒓𝑵𝒆׬ 𝝍𝒊𝑵𝒆

† 𝒓𝑵𝒆 , 𝝈𝑵𝒆 𝝍𝒋𝑵𝒆
𝒓𝑵𝒆 , 𝝈𝑵𝒆

=
𝟏

𝑵𝒆!
𝝐𝒊𝟏𝒊𝟐…𝒊𝑵𝒆𝝐𝒋𝟏𝒋𝟐…𝒋𝑵𝒆 𝝍𝒊𝟏 𝝍𝒋𝟏 … 𝝍𝒊𝒌𝝍𝒊𝒎 𝒗𝒌𝒎 𝝍𝒋𝒌𝝍𝒋𝒎 … 𝝍𝒊𝑵𝒆

𝝍𝒋𝑵𝒆

=
𝟏

𝑵𝒆!
𝝐𝒊𝟏𝒊𝟐…𝒊𝑵𝒆𝝐𝒋𝟏𝒋𝟐…𝒋𝑵𝒆𝜹𝒊𝟏𝒋𝟏 … 𝝍𝒊𝒌𝝍𝒊𝒎 𝒗𝒌𝒎 𝝍𝒋𝒌𝝍𝒋𝒎 …𝜹𝒊𝑵𝒆𝒋𝑵𝒆 =

𝟏

𝑵𝒆!
𝝐𝒊𝟏…𝒊𝒌,…𝒊𝒎…𝒊𝑵𝒆𝝐𝒊𝟏…𝒋𝒌…𝒋𝒎…𝒊𝑵𝒆 𝝍𝒊𝒌𝝍𝒊𝒎 𝒗𝒌𝒎 𝝍𝒋𝒌𝝍𝒋𝒎

= σ𝒊𝒌≠𝒊𝒎,𝒋𝒌≠𝒋𝒎

𝑵𝒆 𝟏

𝑵𝒆(𝑵𝒆−𝟏)
(𝜹𝒊𝒌𝒋𝒌𝜹𝒊𝒎𝒋𝒎 − 𝜹𝒊𝒌𝒋𝒎𝜹𝒊𝒎𝒋𝒌) 𝝍𝒊𝒌𝝍𝒊𝒎 𝒗𝒌𝒎 𝝍𝒋𝒌𝝍𝒋𝒎

= σ
𝒊𝒌≠𝒊𝒎

𝑵𝒆 𝟏

𝑵𝒆(𝑵𝒆−𝟏)
𝝍𝒊𝒌

𝝍𝒊𝒎
𝒗𝒌𝒎 𝝍𝒊𝒌

𝝍𝒊𝒎
− 𝝍𝒊𝒌

𝝍𝒊𝒎
𝒗𝒌𝒎 𝝍𝒊𝒎

𝝍𝒊𝒌
= 𝝍𝒌𝝍𝒎 𝒗𝒌𝒎 𝝍𝒌𝝍𝒎 − 𝝍𝒌𝝍𝒎 𝒗𝒌𝒎 𝝍𝒎𝝍𝒌

𝝐𝒊𝟏…𝒊𝒌,…𝒊𝒎…𝒊𝑵𝒆𝝐𝒊𝟏…𝒋𝒌…𝒋𝒎…𝒊𝑵𝒆 = ෍

𝒊𝒌≠𝒊𝒎,𝒋𝒌≠𝒋𝒎

𝑵𝒆

𝑵𝒆 − 𝟐 ! 𝝐𝟏𝟐𝟑…(𝑵𝒆−𝟐)
𝟐(𝜹𝒊𝒌𝒋𝒌𝜹𝒊𝒎𝒋𝒎 − 𝜹𝒊𝒌𝒋𝒎𝜹𝒊𝒎𝒋𝒌) = ෍

𝒊𝒌≠𝒊𝒎,𝒋𝒌≠𝒋𝒎

𝑵𝒆

𝑵𝒆 − 𝟐 ! (𝜹𝒊𝒌𝒋𝒌𝜹𝒊𝒎𝒋𝒎 − 𝜹𝒊𝒌𝒋𝒎𝜹𝒊𝒎𝒋𝒌)
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𝑬𝒆 {𝝍𝒊} ≡ 𝜳 ෡𝑯𝒆 𝜳 = 𝜳 σ𝑖=1
𝑁𝑒 ℎ𝑖 + σ𝑖>𝑗

𝑁𝑒 𝑣𝑖𝑗 𝜳 =෍

𝑖=1

𝑁𝑒

𝜳 ℎ𝑖 𝜳 +෍

𝑖>𝑗

𝑁𝑒

𝜳 𝑣𝑖𝑗 𝜳

= ෍

𝑘=1

𝑁𝑒

𝝍𝒌 𝒉𝒌 𝝍𝒌 + ෍

𝑘>𝑚

𝑁𝑒

𝝍𝒌𝝍𝒎 𝒗𝒌𝒎 𝝍𝒌𝝍𝒎 − 𝝍𝒌𝝍𝒎 𝒗𝒌𝒎 𝝍𝒎𝝍𝒌

𝝍𝒌 𝒉𝒌 𝝍𝒌 ≡ න𝒅𝒓𝒌𝝍𝒌
† 𝒓𝒌, 𝝈𝒌 𝒉𝒌𝝍𝒌 𝒓𝒌, 𝝈𝒌

𝝍𝒌𝝍𝒎 𝒗𝒌𝒎 𝝍𝒌𝝍𝒎 ≡ න𝒅𝒓𝒌 𝒅𝒓𝒎 𝝍𝒌 𝒓𝒌, 𝝈𝒌
𝟐𝒗𝒌𝒎 𝝍𝒎 𝒓𝒎, 𝝈𝒎

𝟐

𝝍𝒌𝝍𝒎 𝒗𝒌𝒎 𝝍𝒎𝝍𝒌 ≡ න𝒅𝒓𝒌 𝒅𝒓𝒎𝝍𝒌
† 𝒓𝒌, 𝝈𝒌 𝝍𝒎

† 𝒓𝒎, 𝝈𝒎 𝒗𝒌𝒎𝝍𝒎 𝒓𝒌, 𝝈𝒌 𝝍𝒌 𝒓𝒎, 𝝈𝒎

ℒ {𝝍𝒊} ≡ 𝐸𝑒 {𝝍𝒊} −෍

𝒊,𝒋

𝝐𝒊𝒋 𝝍𝒊 𝝍𝒋 − 𝜹𝒊𝒋 =෍

𝑖=1

𝑁𝑒

𝝍𝒊 𝒉𝒊 𝝍𝒊

+
1

2
෍

𝑖,𝑗

𝑁𝑒

𝝍𝒊𝝍𝒋 𝒗𝒊𝒋 𝝍𝒊𝝍𝒋 − 𝝍𝒊𝝍𝒋 𝒗𝒊𝒋 𝝍𝒋𝝍𝒊 −෍

𝒊,𝒋

𝝐𝒊𝒋 𝝍𝒊 𝝍𝒋 − 𝜹𝒊𝒋
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ℒ {𝝍𝒊} ≡ 𝐸𝑒 {𝝍𝒊} − σ𝒊,𝒋 𝝐𝒊𝒋 𝝍𝒊 𝝍𝒋 − 𝜹𝒊𝒋 = σ
𝑖=1
𝑁𝑒 𝝍𝒊 𝒉𝒊 𝝍𝒊

+
1

2
σ
𝑖,𝑗
𝑁𝑒 𝝍𝒊𝝍𝒋 𝒗𝒊𝒋 𝝍𝒊𝝍𝒋 − 𝝍𝒊𝝍𝒋 𝒗𝒊𝒋 𝝍𝒋𝝍𝒊 −σ𝒊,𝒋 𝝐𝒊𝒋 𝝍𝒊 𝝍𝒋 − 𝜹𝒊𝒋

𝛿ℒ {𝝍𝒊} =න𝒅𝒓𝒊෍

𝑖=1

𝑁𝑒

𝛿𝝍𝒊
† 𝒓𝒊, 𝝈𝒊 𝒉𝒊𝝍𝒊 𝒓𝒊, 𝝈𝒊 +න𝒅𝒓𝒊෍

𝑖

𝑁𝑒

𝛿𝝍𝒊
† 𝒓𝒊, 𝝈𝒊 ෍

𝑗

𝑁𝑒

න𝒅𝒓𝒋𝝍𝒊 𝒓𝒊, 𝝈𝒊 𝒗𝒊𝒋 𝝍𝒋 𝒓𝒋, 𝝈𝒋
𝟐

𝝍𝒊
† → 𝝍𝒊

† + 𝜹𝝍𝒊
†

−න𝒅𝒓𝒊෍

𝑖

𝑁𝑒

𝛿𝝍𝒊
† 𝒓𝒊, 𝝈𝒊 ෍

𝑗

𝑁𝑒

න𝒅𝒓𝒋𝝍𝒋
† 𝒓𝒋, 𝝈𝒋 𝒗𝒊𝒋𝝍𝒋 𝒓𝒊, 𝝈𝒊 𝝍𝒊 𝒓𝒋, 𝝈𝒋 −න𝒅𝒓𝒊෍

𝑖=1

𝑁𝑒

𝛿𝝍𝒊
† 𝒓𝒊, 𝝈𝒊 ෍

𝑗

𝑁𝑒

𝝐𝒊𝒋𝝍𝒋 𝒓𝒊, 𝝈𝒊

−σ𝒊,𝒋𝛿𝝐𝒊𝒋 𝝍𝒊 𝝍𝒋 − 𝜹𝒊𝒋 = 𝟎

𝒉𝒊𝝍𝒊 𝒓𝒊, 𝝈𝒊 + ෍

𝑗

𝑁𝑒

න𝒅𝒓𝒋 𝒗𝒊𝒋 𝝍𝒋 𝒓𝒋, 𝝈𝒋
𝟐
𝝍𝒊 𝒓𝒊, 𝝈𝒊 −෍

𝑗

𝑁𝑒

න𝒅𝒓𝒋𝝍𝒋
† 𝒓𝒋, 𝝈𝒋 𝝍𝒊 𝒓𝒋, 𝝈𝒋 𝒗𝒊𝒋𝝍𝒋 𝒓𝒊, 𝝈𝒊 −෍

𝑗

𝑁𝑒

𝝐𝒊𝒋𝝍𝒋 𝒓𝒊, 𝝈𝒊 = 𝟎

𝝍𝒊 𝝍𝒋 = 𝜹𝒊𝒋 (1)



Variational Problem: Variational Calculation

Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method

𝛿ℒ {𝝍𝒊} =0

𝒉𝒊𝝍𝒊 𝒓𝒊, 𝝈𝒊 + ෍

𝑗

𝑁𝑒

න𝒅𝒓𝒋 𝒗𝒊𝒋 𝝍𝒋 𝒓𝒋, 𝝈𝒋
𝟐
𝝍𝒊 𝒓𝒊, 𝝈𝒊 −෍

𝑗

𝑁𝑒

න𝒅𝒓𝒋𝝍𝒋
† 𝒓𝒋, 𝝈𝒋 𝝍𝒊 𝒓𝒋, 𝝈𝒋 𝒗𝒊𝒋𝝍𝒋 𝒓𝒊, 𝝈𝒊 −෍

𝑗

𝑁𝑒

𝜖𝑗𝑖
∗𝝍𝒋 𝒓𝒊, 𝝈𝒊 = 𝟎

𝝍𝒊 𝝍𝒋 = 𝜹𝒊𝒋

𝝍𝒊 → 𝝍𝒊 + 𝜹𝝍𝒊Similarly, 

(1)=(2) 𝝐𝒋𝒊
∗ = 𝝐𝒊𝒋 Self-adjoint or Hermitian

∀ Unitary transformation 𝑼, 𝝍𝒊 → ෪𝝍𝒊 = 𝑼𝒊𝒋𝝍𝒋 𝝐𝒊𝒋 → ෦𝝐𝒊𝒋 = 𝑼𝒊𝒌𝝐𝒌𝒎(𝑼
−𝟏)𝒎𝒋= ෥𝝐𝒊 𝜹𝒊𝒋 Diagonalized!

(1),(2)

𝒉𝒊𝝍𝒊 𝒓𝒊, 𝝈𝒊 + ෍

𝑗

𝑁𝑒

න𝒅𝒓𝒋 𝒗𝒊𝒋 𝝍𝒋 𝒓𝒋, 𝝈𝒋
𝟐
𝝍𝒊 𝒓𝒊, 𝝈𝒊 −෍

𝑗

𝑁𝑒

න𝒅𝒓𝒋𝝍𝒋
† 𝒓𝒋, 𝝈𝒋 𝝍𝒊 𝒓𝒋, 𝝈𝒋 𝒗𝒊𝒋𝝍𝒋 𝒓𝒊, 𝝈𝒊 = 𝝐𝒊𝝍𝒊 𝒓𝒊, 𝝈𝒊

For convenience, symbols  ෪𝝍𝒊 and ෦𝝐𝒊𝒋 have been changed back into 𝝍𝒊 and 𝝐𝒊𝒋

Hartree-Fock Equation



Koopmans Theorem

Hartree-Fock Molecular Orbital Theory: A Variational Mean Field Method



Born-Oppenheimer Approximation



Born-Oppenheimer Approximation: Separate Electronic and Nuclear Motion

A General Many-Body Problem: 
1)  𝑁 nuclei described by coordinates 𝑹 ≡ {𝑹𝟏, 𝑹𝟐, … , 𝑹𝑵} , momenta 𝑷 ≡ 𝑷𝟏, 𝑷𝟐, … , 𝑷𝑵 and masses  

𝑴𝟏,𝑴𝟐, … ,𝑴𝑵

2)  𝑁𝑒 electrons described by coordinates 𝒓 ≡ {𝒓𝟏, 𝒓𝟐, … , 𝒓𝑵𝒆} , momenta 𝒑 ≡ 𝒑𝟏, 𝒑𝟐, … , 𝒑𝑵𝒆 , spins 

𝒔 ≡ 𝒔𝟏, 𝒔𝟐, … , 𝒔𝑵𝒆 and masses 𝒎𝟏,𝒎𝟐, … ,𝒎𝑵𝒆

3)  Hamiltonian: 𝑯 = 𝑻𝑵 𝑹 + 𝑻𝒆 𝒓 + 𝑽𝑵𝑵 𝑹 + 𝑽𝒆𝑵 𝒓, 𝑹 + 𝑽𝒆𝒆 𝒓

Where   nuclei’s kinetic energy  𝑇𝑁 𝑹 ≡ σ𝐼=1
𝑁 𝑷𝑰

𝟐

2𝑀𝐼
;  Electrons’ kinetic energy 𝑇𝑒 𝒓 ≡ σ𝑖=1

𝑁𝑒 𝒑𝒊
𝟐

2𝑚𝑖

Nucleus-nucleus Coulomb Potential 𝑉𝑁𝑁 𝑹 ≡
1

2
σ𝐼,𝐽
𝑁 𝑍𝐼𝑍𝐽𝑒

2

𝑹𝑰−𝑹𝑱
= σ𝐼>𝐽

𝑁 𝑍𝐼𝑍𝐽𝑒
2

𝑹𝑰−𝑹𝑱
𝑍𝐼𝑒: the charge of the nucleus located at 𝑹𝑰

Nucleus- electron Coulomb Potential 𝑉𝑒𝑁 𝒓,𝑹 ≡ −σ𝐼,𝑖
𝑁.𝑁𝑒 𝑍𝐼𝑒

2

𝑹𝑰−𝒓𝒊

Electron- electron Coulomb Potential 𝑉𝑒𝑒 𝒓 ≡
1

2
σ𝑖,𝑗
𝑁𝑒 𝑒2

𝒓𝒊−𝒓𝒋
= σ𝑖>𝑗

𝑁𝑒 𝑒2

𝒓𝒊−𝒓𝒋

Impossible to solve directly when 𝑵,𝑵𝒆 ≫ 𝟏!



Born-Oppenheimer Approximation: Separate Electronic and Nuclear Motion

1) Born-Oppenheimer Approximation 

Approximations: 

2) Hartree-Fock Approximation

𝑚𝑒

𝑀𝑛
< 10−2 ≪ 1 Electrons motion time scare ≪ Nuclei motion time scale

1. (1.1)Electrons follow the nuclear motion adiabatically and are dragged by the nuclei without 
a finite relaxation time; (1.2)Electronic wave function depends on the nuclear positions but not
their velocities  

2. (2.1)Nuclear wave functions are relatively spatially localized and more like a point classical 
particle; (2.2) The nuclear motion sees a smeared-out potential from the speedy electrons 

𝑯 𝒓,𝑹 = 𝑯𝒆 𝒓, 𝑹 + 𝑯𝑵 𝑹 ;  𝑯𝒆 𝒓, 𝑹 ≡ 𝑻𝒆 𝒓 + 𝑽𝒆𝑵 𝒓, 𝑹 + 𝑽𝒆𝒆 𝒓 ,𝑯𝑵 𝑹 ≡ 𝑻𝑵 𝑹 + 𝑽𝑵𝑵 𝑹

𝑯 𝒓,𝑹 𝚿 𝒓,𝑹 = 𝑬𝒕𝒐𝒕𝚿 𝒓,𝑹 𝚿 𝒓,𝑹 ≡ 𝝓𝒆 𝒓, 𝑹 𝝓𝑵 𝑹 𝑯𝒆 𝒓, 𝑹 𝝓𝒆 𝒓, 𝑹 = 𝑬𝒆𝝓𝒆 𝒓, 𝑹



Born-Oppenheimer Approximation: Separate Electronic and Nuclear Motion

𝑯 𝒓,𝑹 𝚿 𝒓,𝑹 = 𝑬𝒕𝒐𝒕𝚿 𝒓,𝑹 𝚿 𝒓,𝑹 ≡ 𝝓𝒆 𝒓, 𝑹 𝝓𝑵 𝑹 𝑯𝒆 𝒓, 𝑹 𝝓𝒆 𝒓, 𝑹 = 𝑬𝒆𝝓𝒆 𝒓, 𝑹

𝑯𝑵 𝑹 𝝓𝒆 𝒓, 𝑹 𝝓𝑵 𝑹 = (𝑻𝑵 𝑹 + 𝑽𝑵𝑵 𝑹 )𝝓𝒆 𝒓, 𝑹 𝝓𝑵 𝑹

−ℏ2෍

𝐼=1

𝑁
𝛁𝑰
𝟐

2𝑀𝐼
𝝓𝒆 𝒓, 𝑹 𝝓𝑵 𝑹 = −ℏ2෍

𝐼=1

𝑁
𝟏

2𝑀𝐼
𝝓𝑵 𝑹 𝛁𝑰

𝟐𝝓𝒆 𝒓, 𝑹 + 𝟐𝛁𝑰𝝓𝒆 𝒓, 𝑹 𝛁𝑰𝝓𝑵 𝑹 + 𝝓𝒆 𝒓, 𝑹 𝛁𝑰
𝟐𝝓𝑵 𝑹

= −ℏ2෍

𝐼=1

𝑁
𝟏

2𝑀𝐼
𝝓𝒆 𝒓, 𝑹 𝛁𝑰

𝟐𝝓𝑵 𝑹

−ℏ2

2𝑀𝐼
𝛁𝑰
𝟐𝝓𝒆 𝒓, 𝑹 ≈ ȁ

−ℏ2

2𝑀𝐼
𝛁𝒓
𝟐𝝓𝒆 𝒓, 𝑹 ȁ ≈ ȁ

𝑚𝑒

𝑀𝐼

𝒑𝒆
𝟐

2𝑚𝑒
ȁ ≪ ȁ

𝒑𝒆
𝟐

2𝑚𝑒
ȁ

ȁ
−ℏ2

𝑀𝐼
𝛁𝑰𝝓𝒆 𝒓, 𝑹 𝛁𝑰𝝓𝑵 𝑹 ȁ ≈ ȁ

−ℏ2

𝑀𝐼
𝛁𝒓𝝓𝒆 𝒓, 𝑹 𝛁𝑰𝝓𝑵 𝑹 ȁ ≈ ȁ

𝑷𝑰
𝑀𝐼

𝒑𝒆ȁ ≪ ȁ
𝒑𝒆

2

𝑚𝑒
ȁ

𝑯𝑵 𝑹 𝝓𝑵 𝑹 = (𝑬𝒕𝒐𝒕 − 𝑬𝒆)𝝓𝑵 𝑹 ⇔ 𝝓𝒆 𝒓, 𝑹 𝑯𝑵 𝑹 𝝓𝑵 𝑹 = (𝑬𝒕𝒐𝒕 − 𝑬𝒆)𝚿 𝒓, 𝑹

⇔ 𝝓𝒆 𝒓, 𝑹 𝑯𝑵 𝑹 𝝓𝑵 𝑹 = 𝑯 𝒓,𝑹 − 𝑯𝒆 𝒓, 𝑹 𝚿 𝒓,𝑹 = 𝑯𝑵 𝑹 𝝓𝒆 𝒓, 𝑹 𝝓𝑵 𝑹

⇔ 𝑻𝑵 𝑹 𝝓𝒆 𝒓, 𝑹 𝝓𝑵 𝑹 = 𝝓𝒆 𝒓, 𝑹 𝑻𝑵 𝑹 𝝓𝑵 𝑹

⇔

−ℏ2෍

𝐼=1

𝑁
𝟏

2𝑀𝐼
𝝓𝑵 𝑹 𝛁𝑰

𝟐𝝓𝒆 𝒓, 𝑹 + 𝟐𝛁𝑰𝝓𝒆 𝒓, 𝑹 𝛁𝑰𝝓𝑵 𝑹 = 𝟎⇔

Born-Oppenheimer 
Approximation
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Conclusion: 

𝑯 𝒓,𝑹 𝚿 𝒓,𝑹 = 𝑬𝒕𝒐𝒕𝚿 𝒓,𝑹 ≈ 𝑯𝒆 𝒓, 𝑹 𝝓𝒆 𝒓, 𝑹 = 𝑬𝒆𝝓𝒆 𝒓, 𝑹

𝑯𝑵 𝑹 𝝓𝑵 𝑹 = (𝑬𝒕𝒐𝒕 − 𝑬𝒆)𝝓𝑵 𝑹

𝚿 𝒓,𝑹 ≡ 𝝓𝒆 𝒓, 𝑹 𝝓𝑵 𝑹

𝑯𝒆 𝒓,𝑹 ≡ 𝑻𝒆 𝒓 + 𝑽𝒆𝑵 𝒓, 𝑹 + 𝑽𝒆𝒆 𝒓 , 𝑯𝑵 𝑹 ≡ 𝑻𝑵 𝑹 + 𝑽𝑵𝑵 𝑹

𝑇𝑁 𝑹 ≡ σ𝐼=1
𝑁 𝑷𝑰

𝟐

2𝑀𝐼
;  𝑇𝑒 𝒓 ≡෍

𝑖=1

𝑁𝑒
𝒑𝒊
𝟐

2𝑚𝑖

𝑉𝑁𝑁 𝑹 ≡
1

2
෍

𝐼,𝐽

𝑁
𝑍𝐼𝑍𝐽𝑒

2

𝑹𝑰 − 𝑹𝑱
=෍

𝐼>𝐽

𝑁
𝑍𝐼𝑍𝐽𝑒

2

𝑹𝑰 − 𝑹𝑱

𝑉𝑒𝑁 𝒓, 𝑹 ≡ − ෍

𝐼,𝑖

𝑁.𝑁𝑒
𝑍𝐼𝑒

2

𝑹𝑰 − 𝒓𝒊
𝑉𝑒𝑒 𝒓 ≡

1

2
෍

𝑖,𝑗

𝑁𝑒
𝑒2

𝒓𝒊 − 𝒓𝒋
=෍

𝑖>𝑗

𝑁𝑒
𝑒2

𝒓𝒊 − 𝒓𝒋


