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Double Exchange: From Two-ion Case to Antiferromagnetic Lattices 

Ferromagnetic coupling: ∆𝑬𝑫 𝑺𝟏, 𝑺𝟐 = −|𝒃| 𝒄𝒐𝒔

𝑶𝟐−𝟏:𝑴𝒏𝟑+ 𝟐: 𝑴𝒏𝟒+

𝑺𝟏 𝑺𝟐𝒔

| ۧ𝑅1 :𝑴𝒏
𝟑+𝑶𝟐−𝑴𝒏𝟒+ | ۧ𝑅2 :𝑴𝒏

𝟒+𝑶𝟐−𝑴𝒏𝟑+

𝑺𝟏, 𝑺𝟐 = 𝜽

𝒃 (~𝟎. 𝟓 − 𝟏 𝒆𝑽) ≫ 𝒌𝑻𝒄(~𝟎. 𝟏𝒆𝑽)

(𝐿𝑎1−𝑥
3+ 𝐶𝑎𝑥

2+) 𝑀𝑛1−𝑥
3+ 𝑀𝑛𝑥

4+ 𝑂3

𝑪𝒂𝟐+

𝑳𝒂𝟑+

𝑴𝒏𝟑+ 𝑴𝒏𝟒+

𝑶𝟐−

1.Electronic states? 

2.Other exchange interactions? 

3.Crystal field effects ??

…….

෡𝒃 = 𝑹𝟏 ∆𝑯 𝑹𝟐



Double Exchange: Outlines

Step 1:
Band Theory

Electronic 
Bloch States 

Double Exchange 
Energy

Step 2:
Landau Model

Competition between 
different exchange 

interactions

Spin order: 
Magnetism (𝑻 = 𝟎)

Step 3: Molecular 
Field Theory

Magnetic phase 
diagram

Spin order: 
Magnetism (𝑻 > 𝟎)



Double Exchange: Semiclassical Molecular Field Theory  

Assumptions: 
1. Tight-binding Approximation: Double exchange energy 

4. Non-degenerate 3d-band

3. Ignore crystal field effects
Mn 3d band splitting, Mn3d-O2p bonding, 

Jahn-Teller distortion…

5. Intra-atomic exchange integral  ≫ 𝒃

6. Magnetic ion spin 𝑺𝒊 as classical vectors

7. Ignore phonon excitation of ions and Coulomb
correlation between carriers 

2. Landau Model: competition between normal 
exchange  and double exchange

8. Ignore bound states of carriers

𝟒 Å

𝑴𝒏𝟑+ 𝑴𝒏𝟒+

3d Wannier function ൿ|𝑹𝒋

𝝍𝟑𝒅,𝒌 =
𝟏

𝑵
෍

𝒋

𝑵

𝒆𝒊𝒌∙𝑹𝒋 ൿ|𝑹𝒋



Double Exchange: Semiclassical Molecular Field Theory  

(𝟐) ∆𝑯| ඀𝝍𝟑𝒅,𝒌 = 𝑬𝒌| ඀𝝍𝟑𝒅,𝒌

෡𝑬𝒌=𝟎 =෍

𝒋

𝒏.𝒃.

෡𝒃𝒊𝒋

𝟒 Å

𝑴𝒏𝟑+ 𝑴𝒏𝟒+

𝑱′ > 𝟎𝒃′ > 𝟎

𝒃 > 𝟎

𝑱 < 𝟎

(𝟏),𝝍𝟑𝒅,𝒌 =
𝟏

𝑵
෍

𝒋

𝑵

𝒆𝒊𝒌∙𝑹𝒋 ൿ|𝑹𝒋 𝝍𝟑𝒅,𝒌 𝝍𝟑𝒅,𝒌′ = 𝜹𝒌,𝒌′

𝑹𝑖 ∆𝑯 𝑹𝑗 = ෡𝒃𝒊𝒋

𝟏 =
𝟏

𝑵
෍

𝒋

𝑵

ൿ|𝑹𝒋 ൻ𝑹𝒋|

𝟒 𝑨𝒏𝒅𝒆𝒓𝒔𝒐𝒏𝑴𝒐𝒅𝒆𝒍: ෡𝒃𝒊𝒋 ⇒ −|𝒃𝒊𝒋| 𝒄𝒐𝒔
𝜽𝒊𝒋

𝟐

Double exchange energy term

෡𝑬
𝒌
= σ𝒋

𝒏.𝒃. 𝒆𝒊𝒌∙(𝑹𝒋−𝑹𝒊)෡𝒃𝒊𝒋

𝟑 𝒙 ≪ 𝟏, 𝒌 = 𝟎

෡𝑬𝒌=𝟎 =෍

𝒋

𝒏.𝒃.

෡𝒃𝒊𝒋 ⇒ 𝑬𝒌=𝟎 =෍

𝒋

𝒏.𝒃.

−|𝒃𝒊𝒋| 𝒄𝒐𝒔
𝜽𝒊𝒋

𝟐

𝑺𝒊

𝑺𝒋

𝜽𝒊𝒋

𝒛, 𝒛′:  nearest neighbors in the same and different 
layers, respectively;𝜣: fixed angle between spins 
of neighbor layers

𝑬𝑫 = 𝑵𝒙𝑬
𝒌=𝟎

= −𝑵𝒙𝒛′𝒃′ −𝑵𝒙𝒛𝒃 𝒄𝒐𝒔
𝜣

𝟐



Double Exchange: Semiclassical Molecular Field Theory  

𝒛, 𝒛′:  nearest neighbors in the same and different layers, respectively;𝜣: fixed angle between spins of neighbor 
layers;   

Two-ion case Real lattice 

Unperturbed Orbital 
state | ۧ𝑹𝟏 , | ۧ𝑹𝟐 Wannier functions ൿ|𝑹𝒋

transfer integral 𝑹𝟏 ∆𝑯 𝑹2 = ෡𝒃 𝑹𝑖 ∆𝑯 𝑹𝑗 = ෡𝒃𝒊𝒋

Electronic  state

𝝍𝟏𝟐

=
𝟏

𝟐
[ ۧ|𝑹𝟏 ඁ|𝑺 +

𝟏

𝟐
, 𝑺𝟏𝒛

′ − ۧ|𝑹𝟐 ඁ|𝑺 +
𝟏

𝟐
, 𝑺𝟐𝒛

′ ]

Ψ
𝟑𝒅,𝒌=𝟎

≈ෑ

𝑗

𝑛.𝑏.

⊗
1

2
ඁۧ|𝑹𝒊 |𝑺 +

𝟏

𝟐
, 𝑺𝒊𝒛

′ − ඁൿ|𝑹𝒋 |𝑺 +
𝟏

𝟐
, 𝑺𝒋𝒛

′

Energy

𝒌𝑻𝒄 ≪ 𝒃 ,

− 𝒃 𝒄𝒐𝒔
𝜽

𝟐

𝑥 ≪ 1, 𝒌 = 0

𝑬𝒌=𝟎 = −𝒛′𝒃′ − 𝒛𝒃 𝒄𝒐𝒔
𝜣

𝟐

𝒏. 𝒃.≡ nearest neighbors of site 𝒊, including 𝒊
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𝟒 Å

𝑴𝒏𝟑+ 𝑴𝒏𝟒+

𝑱′ > 𝟎𝒃′

𝒃

𝑱 < 𝟎

𝒛, 𝒛′:  nearest neighbors in the same and adjacent 
layers, respectively;𝜣: fixed angle between spins 
of neighbor layers

Other Exchange energy term

𝑬𝒆𝒙 = 𝑵 − 𝒛′𝑱′𝑺𝟐 − 𝒛𝑱𝑺𝟐 𝒄𝒐𝒔𝜣

Landau Model

𝑬 = 𝑬𝒆𝒙 + 𝑬𝑫 = 𝑵 − 𝒛′𝑱′𝑺𝟐 − 𝒛𝑱𝑺𝟐 𝒄𝒐𝒔𝜣

−𝑵𝒙𝒛′𝒃′ −𝑵𝒙𝒛𝒃 𝒄𝒐𝒔
𝜣

𝟐

𝛿𝑬

𝛿𝜣
= 0,

𝛿2𝑬

𝛿𝜣2
> 0

𝒄𝒐𝒔
𝜣

𝟐
=

𝒃𝒙

𝟒 𝑱 𝑺𝟐
,
𝒃𝒙

𝟒 𝑱 𝑺𝟐
< 1

𝜣 = 0,
𝒃𝒙

𝟒 𝑱 𝑺𝟐
≥ 1

𝑬 = −𝑵 𝒛′𝑱′𝑺𝟐 + 𝒙𝒛′𝒃′ + 𝒛 𝑱 𝑺𝟐 +
𝒛𝒙𝟐𝒃𝟐

𝟖 𝑱 𝑺𝟐



𝒄𝒐𝒔
𝜣

𝟐
=

𝒃𝒙

𝟒 𝑱 𝑺𝟐

Double Exchange: Potential Experiments

Two-sublattice : A stable arrangement

(1) Spontaneous Magnetization:  

𝑴 = 𝑰𝒄𝒐𝒔
𝜣

𝟐
(2) Isotropic susceptibility in high fields:

𝑬𝒁 = −𝑯𝑰𝒄𝒐𝒔
𝜣

𝟐

𝑬′ = 𝑬𝒁 + 𝑬𝒆𝒙 + 𝑬𝑫 = −𝑯𝑰𝒄𝒐𝒔
𝜣

𝟐
+

𝑵 − 𝒛′𝑱′𝑺𝟐 − 𝒛𝑱𝑺𝟐 𝒄𝒐𝒔𝜣 − 𝑵𝒙𝒛′𝒃′

−𝑵𝒙𝒛𝒃 𝒄𝒐𝒔
𝜣

𝟐

𝛿𝑬′

𝛿𝜣
= 0,

𝛿2𝑬′

𝛿𝜣2 > 0; 𝒄𝒐𝒔
𝜣

𝟐
=

𝒃𝒙

𝟒 𝑱 𝑺𝟐
+

𝑯𝑰

𝟒𝑵𝒛 𝑱 𝑺𝟐

𝝌 = −
𝝏𝟐𝑬′

𝝏𝑯𝟐
=

𝑰𝟐

𝟒𝑵𝒛 𝑱 𝑺𝟐
I. S. Jacobs, J. Phys. Chem. Solids 11, 1. (1959)
O. Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939).
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Two-sublattice : A stable arrangement

(3) Neutron diffraction for (𝐿𝑎1−𝑥
3+ 𝐶𝑎𝑥

2+) 𝑀𝑛1−𝑥
3+ 𝑀𝑛𝑥

4+ 𝑂3

E. 0. Wollan and W. C. Koehler, Phys. Rev. 100, 545 (1955)

𝑺𝒄𝒂𝒕𝒕𝒆𝒓𝒊𝒏𝒈 𝑰𝒏𝒕𝒆𝒏𝒔𝒊𝒕𝒚 ∝ 𝒖± = ෠𝒌 × (𝑺𝟏 ± 𝑺𝟐)
𝟐

𝒖+: “Lattice reflections”(L), in phase

𝒖−: “Superlattice reflections”(S), opposite in phase

෡𝒌 ⊥ (𝑺𝟏 ± 𝑺𝟐)

𝑺𝟏

𝑺𝟐

𝜣
𝑺 = 𝑺𝟏 = 𝑺𝟐

෡𝒌

𝒖𝟐𝒇𝒆𝒓𝒓𝒐 = 𝑺𝟐𝒄𝒐𝒔𝟐(𝜣/𝟐)

𝒖𝟐𝒂𝒏𝒕𝒊𝒇 = 𝑺𝟐𝒔𝒊𝒏𝟐(𝜣/𝟐)

Model: 𝒄𝒐𝒔
𝜣

𝟐
=

𝒃𝒙

𝟒 𝑱 𝑺𝟐

𝒃

𝑱 𝑺𝟐
~𝟏𝟔

𝒙 < 𝟎. 𝟐𝟓



Double Exchange: Semiclassical Molecular Field Theory  

Two-sublattice : Magnetic behavior at finite temperature
𝝀𝟏

𝝀𝟐

𝝀 = 𝝀𝟏 = 𝝀𝟐

𝑺𝟏

𝑺𝟐

𝜣

𝜽𝟏

𝜽𝟐

𝜽𝝎𝒏 𝑺 =
𝟏

𝝊
𝒆−

𝝀𝒏∙𝑺

𝑺 ,  𝒏 = 𝟏, 𝟐 𝝊 =
𝟐𝒔𝒊𝒏𝒉𝝀

𝝀

𝑭 = −𝑻𝕊 + 𝑬𝑫 + 𝑬𝒆𝒙

𝕊 = −𝒌𝑩𝑵න
−𝟏

𝟏

𝝎𝒏 𝒙 𝒍𝒏𝝎𝒏 𝒙 𝒅𝒙 = −𝒌𝑩𝑵(𝝀𝒎− 𝒍𝒏𝒗)

Relative saturation  for each sublattice: 

𝒎 =
𝟏

𝝊
න
𝟎

𝝅

𝒅𝜶 𝒔𝒊𝒏𝜶 𝒄𝒐𝒔𝜶 𝒆−𝝀𝒄𝒐𝒔𝜶 = −
𝟏

𝝀
+ 𝒄𝒐𝒕𝒂𝒏𝒉𝝀

𝑬𝒆𝒙 = −𝑵𝒎𝟐 𝒛′𝑱′ + 𝒛𝑱 𝒄𝒐𝒔𝜣
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Two-sublattice : Magnetic behavior at finite temperature
𝝀𝟏

𝝀𝟐

𝝀 = 𝝀𝟏 = 𝝀𝟐 ∝
𝟏

𝑻
𝑺𝟏

𝑺𝟐

𝜣

𝜽𝟏

𝜽𝟐

𝜽

෡𝑬𝒌 = σ𝒋
𝒏.𝒃.𝒆𝒊𝒌∙(𝑹𝒋−𝑹𝒊)෡𝒃𝒊𝒋 = σ𝒋

𝒏.𝒃. ෡𝒃𝒊𝒋 𝒆𝒊𝒌∙(𝑹𝒋−𝑹𝒊) ≈ 𝟏𝒌 ∙ (𝑹𝒋−𝑹𝒊) ≪ 𝟏

Thermal average for tow sublattice case: 

𝑬𝑫 = 𝑵෍

𝒋

𝒏.𝒃.

− 𝒃𝒊𝒋 𝒄𝒐𝒔
𝜽𝒊𝒋

𝟐
= −𝑵𝒛′𝒃′ 𝒄𝒐𝒔

𝜽′

𝟐
− 𝑵𝒛𝒃 𝒄𝒐𝒔

𝜽

𝟐

𝑭 = −𝑻𝕊 + 𝑬𝑫 + 𝑬𝒆𝒙

𝑨 ≡
𝟏

𝝊
න
𝟎

𝝅

𝒅𝜶 𝒔𝒊𝒏𝜶 𝑨 𝒆−𝝀𝒄𝒐𝒔𝜶

𝑬𝑫 =
𝟐𝑵𝒙𝒛

𝒋𝟎
𝟐(−𝒊𝝀)

෍

𝒍=𝟎

∞
𝒋𝒍
𝟐(−𝒊𝝀)𝑷𝒍 𝒄𝒐𝒔𝜣

(𝟐𝒍 − 𝟏)(𝟐𝒍 + 𝟑)
𝒛′𝒃′ + 𝒛𝒃𝑷𝒍 𝒄𝒐𝒔𝜣

𝒄𝒐𝒔
𝜽′

𝟐
=

−𝟐

𝒋𝟎
𝟐(−𝒊𝝀)

෍

𝒍=𝟎

∞
𝒋𝒍
𝟐(−𝒊𝝀)

(𝟐𝒍 − 𝟏)(𝟐𝒍 + 𝟑)𝒄𝒐𝒔
𝜽

𝟐
=

−𝟐

𝒋𝟎
𝟐(−𝒊𝝀)

෍

𝒍=𝟎

∞
𝒋𝒍
𝟐(−𝒊𝝀)𝑷𝒍 𝒄𝒐𝒔𝜣

(𝟐𝒍 − 𝟏)(𝟐𝒍 + 𝟑)
;
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Two-sublattice : Magnetic behavior at finite temperature

𝑭 = −𝑻𝕊 + 𝑬𝑫 + 𝑬𝒆𝒙 = 𝒌𝑩𝑵𝑻 𝝀𝒎− 𝒍𝒏𝒗 +
𝟐𝑵𝒙𝒛

𝒋𝟎
𝟐 −𝒊𝝀

෍

𝒍=𝟎

∞
𝒋𝒍
𝟐 −𝒊𝝀 𝑷𝒍 𝒄𝒐𝒔𝜣

𝟐𝒍 − 𝟏 𝟐𝒍 + 𝟑
𝒛′𝒃′ + 𝒛𝒃𝑷𝒍 𝒄𝒐𝒔𝜣

−𝑵𝒎𝟐 𝒛′𝑱′ + 𝒛𝑱 𝒄𝒐𝒔𝜣

𝛿𝑭

𝛿𝑢
= 0,

𝒖 = 𝒄𝒐𝒔𝜣 𝝃 =
𝒃𝒙

𝑱 𝑺𝟐𝒎𝟐 +
𝝃

𝒋𝟎
𝟐 −𝒊𝝀

෍

𝒍=𝟎

∞
𝒋𝒍
𝟐 −𝒊𝝀

𝟐𝒍 − 𝟏 𝟐𝒍 + 𝟑

𝒅𝑷𝒍 𝒄𝒐𝒔𝜣

𝒅𝒗
= 𝟎

(1) Low temperature: 𝝀 ∝
𝟏

𝑻
→ ∞ −𝟏 < 𝒖 = 𝒄𝒐𝒔𝜣 < 𝟏 Canted spin arrangement

(2) High temperature: 𝝀 ∝
𝟏

𝑻
→ 𝟎 𝐮 > 𝟏: ferromagnetic ; 𝐮 < −𝟏: antiferromagnetic ; 

𝐮 = 𝟏,
𝟏

𝝃
=

−𝟏

𝒋𝟎
𝟐 −𝒊𝝀 𝒎𝟐

෍

𝒍=𝟎

∞
𝒋𝒍
𝟐 −𝒊𝝀 𝒍(𝒍 + 𝟏)

𝟐𝒍 − 𝟏 𝟐𝒍 + 𝟑
𝐮 = −𝟏,

𝟏

𝝃
=

−𝟏

𝒋𝟎
𝟐 −𝒊𝝀 𝒎𝟐

෍

𝒍=𝟎

∞
𝒋𝒍
𝟐 −𝒊𝝀 (−𝟏)𝒍+𝟏 𝒍(𝒍 + 𝟏)

𝟐𝒍 − 𝟏 𝟐𝒍 + 𝟑
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Two-sublattice : Magnetic behavior at finite temperature

𝑭𝟐 = 𝑵
𝟑

𝟐
𝒌𝑩𝑻 − 𝑺𝟐 𝒛′𝑱′ + 𝒛𝑱𝒖 −

𝟐𝒙

𝟓
( 𝒛′𝒃′ + 𝒛𝒃𝒖 )

If 𝐮 > 𝟏, 𝐮 < −𝟏 𝑭 = 𝑭𝟎 + 𝑭𝟐𝒎
𝟐 + 𝑭𝟒𝒎

𝟒 +⋯,  

𝑭𝟒 = 𝑵
𝟗

𝟐𝟎
𝒌𝑩𝑻 +

𝟔𝒙

𝟕
( 𝒛′𝒃′ + 𝒛𝒃𝒖 ) , 𝐮 = ±𝟏

𝑭 minimized when 𝒎𝟐 = −
𝑭𝟐

𝟐𝑭𝟒
,

𝑭𝟐 = 𝟎 𝑻𝑪 =
𝟑

𝟐
𝒌𝑩 𝑺𝟐 𝒛′𝑱′ + 𝒛𝑱 +

𝟐𝒙

𝟓
( 𝒛′𝒃′ + 𝒛𝒃 )

𝑻𝑵 =
𝟑

𝟐
𝒌𝑩 𝑺𝟐 𝒛′𝑱′ − 𝒛𝑱 +

𝟐𝒙

𝟓
( 𝒛′𝒃′ − 𝒛𝒃 )

𝑭𝟐 < 𝟎
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Two-sublattice : Magnetic behavior at finite temperature
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Bloch Theorem: Symmetry + QM
0. Define the Abelian translation group ෡𝑻𝑹|𝑹 = 𝒏𝒊𝒂𝒊, 𝒏𝒊 ∈ 𝜡 , where 𝒂𝒊 is a Bravais lattice

In 𝒓 representation, for any state 𝝍 𝒓 , ෡𝑻𝑹𝝍 𝒓 = 𝝍 𝒓 + 𝑹 .

1. ෡𝑻𝑹 translation symmetry:  ෡𝑯, ෡𝑻𝑹 = 𝟎

𝝍𝟏 = 𝝍𝜺,𝒌 𝒓 + 𝝍𝜺,𝒌′ 𝒓

1.3.2 For any allowed 𝑹, 𝒌 and 𝒌′, ෡𝑻𝑹𝝍𝟏 = ෡𝑻𝑹𝝍𝜺,𝒌 𝒓 + ෡𝑻𝑹𝝍𝜺,𝒌′ 𝒓 = 𝒆𝒊𝒌∙𝑹𝝍𝜺,𝒌 𝒓 + 𝒆𝒊𝒌
′∙𝑹𝝍𝜺,𝒌′ 𝒓 =

𝒆𝒊𝒌∙𝑹 𝝍𝜺,𝒌 𝒓 + 𝒆𝒊 𝒌
′−𝒌 ∙𝑹𝝍𝜺,𝒌′ 𝒓

𝒆𝒊 𝒌
′−𝒌 ∙𝑹 = 𝟏 or 𝒌′ − 𝒌 ∙ 𝑹 = 𝟐𝝅𝒏, 𝒏 ∈ 𝜡 or 𝒌′ − 𝒌 = 𝑮 = 𝒎𝒊𝒃𝒊,𝒎𝒊 ∈ 𝜡

1.3.1 ෡𝑻𝑹𝝍𝟏and𝝍𝟏correspond to the same physical state

1.2 Common eigenstates 𝝍𝜺,𝒌 𝒓 as a complete basis

1.3 Bragg’s law:

1.1 ෡𝑯 𝝍𝜺,𝒌 𝒓 = 𝜺𝝍𝜺,𝒌 𝒓 ; ෡𝑻𝑹𝝍𝜺,𝒌 𝒓 = 𝝍𝜺,𝒌 𝒓 + 𝑹 = 𝒆𝒊𝒌∙𝑹𝝍𝜺,𝒌 𝒓 ; 𝒌 = 𝒙𝒊𝒃𝒊, 𝒂𝒊 ∙ 𝒃𝒋 = 𝟐𝝅𝜹𝒊𝒋
[1]

2. Energy level and state wavefunction[2]

2.1 𝝍𝜺,𝒌 𝒓 = 𝒖𝜺,𝒌 𝒓 𝒆𝒊𝒌∙𝒓, 𝒖𝜺,𝒌 𝒓 ≡ σ
𝑮
𝑪 𝒌 − 𝑮 𝒆−𝒊𝑮∙𝒓

Schrodinger equation:
ℏ2𝑘2

2𝑚
− 𝜀 𝑪(𝒌) + σ

𝑮
𝑪(𝒌 − 𝑮)𝑽𝑮 = 𝟎

𝝍 𝒓 =෍

𝒌

𝑪(𝒌)𝒆𝒊𝒌∙𝒓 𝑽 𝒓 =෍

𝑮

𝑽𝑮 𝒆
𝒊𝑮∙𝒓

2.2 All info included in the 1st Brillouin zone

𝜀 𝒌 = 𝜀(𝒌 + 𝑮)



Tight-binding Model[3]: large interatomic distance limitation 
Narrow bands separated by large gaps

Band widthBand gaps

𝒌

−
𝝅

𝒂

𝝅

𝒂

𝝐𝒌

𝜺𝒎,𝒌 = 𝑬𝒎 +
𝜷𝒎,𝒎 + σ

𝑹𝒍≠𝟎
𝒆𝒊𝒌∙𝑹𝒍 𝜸𝒎,𝒎 𝑹𝒍

𝑵(𝟏 + σ
𝑹𝒍≠𝟎

𝒆𝒊𝒌∙𝑹𝒍 𝜶𝒎,𝒎 𝑹𝒍 )

1. Band Theory

2. Eigenfunction as a linear combination of atomic orbitals

2.1) single atomic orbital case 

𝝍
𝒎,𝒌

𝒓 =
𝟏

𝑵(𝟏+σ
𝑹𝒍≠𝟎

𝒆𝒊𝒌∙𝑹𝒍𝜶𝒎,𝒎 𝑹𝒍 )

σ𝒋
𝑵 𝒆𝒊𝒌∙𝑹𝒋𝝋𝒎 𝒓 − 𝑹𝒋 ; 

Atomic overlap integrals of the same orbital m from different atoms  𝜶𝒎,𝒎 𝑹𝒍 ≡

𝒅𝟑𝒓𝝋𝒎׬ 𝒓 ∗𝝋𝒎 𝒓 − 𝑹𝒋 ≪ 𝟏

2.2) Hybridization case 𝝍
𝒎,𝒌

𝒓 =෍
𝒏

∞

𝒂
𝒎𝒏,𝒌

𝟏

𝑵
෍

𝒋

𝑵

𝒆𝒊𝒌∙𝑹𝒋𝝋𝒏 𝒓 − 𝑹𝒋

where the sum over a complete set of atomic orbitals, including continuum scattering 
states;  𝒂

𝒎𝒏,𝒌
describes the mixing of m-th and n-th bands, and could be solved by 

diagonalizing the Hamiltonian.

3. 𝑯 = σ𝒋
𝑵𝑯𝒂𝒕 𝒓 − 𝑹𝒋 + ∆𝑼 𝒓

𝜷𝒎,𝒎 ≡ න𝒅𝟑𝒓𝝋𝒎
∗ 𝒓 ∆𝑽 𝒓 𝝋𝒎 𝒓 𝜸𝒎,𝒎 𝑹𝒍 ≡ න𝒅𝟑𝒓𝝋𝒎

∗ 𝒓 − 𝑹𝒍 ∆𝑽 𝒓 𝝋𝒎 𝒓

𝑯𝒂𝒕 𝒓 − 𝑹𝒋 ≡
𝒑𝒋

𝟐

𝟐𝒎𝒋
+ 𝒗 𝒓 − 𝑹𝒋

∆𝑽 𝒓 ≡ ෍

𝑹𝒍≠𝟎

𝒗 𝒓 − 𝑹𝒍 +෍

𝑹𝒍

∆𝑼 𝒓 + 𝑹𝒍



Tight-binding Model: Energy for Double Exchange

∆𝑯| ඀𝝍
𝟑𝒅,𝒌

= 𝑬
𝒌
| ඀𝝍

𝟑𝒅,𝒌

𝝍
𝟑𝒅,𝒌

=
𝟏

𝑵
෍

𝒋

𝑵

𝒆𝒊𝒌∙𝑹𝒋 ൿ|𝑹𝒋

𝑹𝑖 ∆𝑯 𝝍
𝟑𝒅,𝒌

= 𝑬
𝒌
𝑹𝑖 𝝍𝟑𝒅,𝒌

𝒍. 𝒉. 𝒔 = 𝑹𝑖 ∆𝑯 𝝍
𝟑𝒅,𝒌

=
𝟏

𝑵
෍

𝒋

𝑵

𝒆𝒊𝒌∙𝑹𝒋 𝑹𝑖 ∆𝑯 𝑹𝒋 =
𝟏

𝑵
෍

𝒋

𝒏.𝒃.

𝒆𝒊𝒌∙𝑹𝒋෡𝒃𝒊𝒋

𝑹𝑖 ∆𝑯 𝑹𝑗 = ෡𝒃𝒊𝒋

𝒓. 𝒉. 𝒔 = 𝑬
𝒌
𝑹𝑖 𝝍𝟑𝒅,𝒌

=
𝟏

𝑵
𝑬
𝒌
𝒆𝒊𝒌∙𝑹𝒊

𝑬
𝒌
=෍

𝒋

𝒏.𝒃.

𝒆𝒊𝒌∙(𝑹𝒋−𝑹𝒊)෡𝒃𝒊𝒋𝒍. 𝒉. 𝒔 = 𝒓. 𝒉. 𝒔

𝒏. 𝒃. ≡ nearest neighbors of site 𝒊, including 𝒊



Wannier Function: from Bloch states to local orbitals

𝝍
𝒎,𝒌

𝒓 =
𝟏

𝑵
෍

𝒋=𝟏

𝑵

𝒂𝒎 𝑹𝒋, 𝒓 𝒆𝒊𝒌∙𝑹𝒋Periodicity of crystal lattice:  

Localized orbitals as Wannier function: 𝒂𝒎 𝑹𝒋, 𝒓 =
𝟏

𝑵
෍

𝒌

𝝍
𝒎,𝒌

𝒓 𝒆−𝒊𝒌∙𝑹𝒋

1. 𝒂𝒎 𝑹𝒋, 𝒓 = 𝒂𝒎 𝒓 − 𝑹𝒋 , i.e. ∀ lattice vector 𝑹𝒏, 𝒂𝒎 𝑹𝒋, 𝒓 = 𝒂𝒎 𝑹𝒋 + 𝑹𝒏, 𝒓 + 𝑹𝒏

𝑯𝒊𝒏𝒕: 𝝍𝜺,𝒌 𝒓 + 𝑹𝒏 = 𝒆𝒊𝒌∙𝑹𝒏𝝍𝜺,𝒌 𝒓 ;

2. An orthonormal basis: න𝒅𝟑𝒓𝒂𝒎
∗ 𝑹𝒌, 𝒓 𝒂𝒎 𝑹𝒋, 𝒓 = 𝜹𝑹𝒌,𝑹𝒋

3. Since Bloch states defined up to an overall phase 𝝍
𝒎,𝒌

𝒓 → 𝒆𝒊𝜽𝝍
𝒎,𝒌

𝒓 , Wannier function

can be chosen  as the maximally-localized set: 𝒂𝒎 𝑹𝒋, 𝒓 localized around 𝑹𝒋 and rapidly goes 

to zero away from 𝑹𝒋.  For 1-dimension and separable potential cases in higher dimensions, 

the maximally-localized set is unique.[4]



[1] https://www.tf.uni-kiel.de/matwis/amat/q_mech/kap_1/backbone/r_se24.html
[2] https://www.tf.uni-kiel.de/matwis/amat/semi_en/kap_2/basics/m2_1_2.html
[3] https://www.cond-mat.de/events/correl12/manuscripts/pavarini.pdf
[4]W. Kohn (1959). "Analytic Properties of Bloch Waves and Wannier Functions". Physical 
Review. 115 (4): 809–821.
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