
Double Exchange 𝑰𝑰:
Anderson-Hasegawa Model

Detian Yang

05/09/2020

W. Anderson and H. Hasegawa, Phys. Rev. 100, 675 (1955)



Retrospect: Indirect exchange via conduction electrons

∆𝐻 =
−𝐽𝑆1 𝑏
𝑏 −𝐽𝑆2

𝑶𝟐−𝟏:𝑴𝒏𝟑+ 𝟐: 𝑴𝒏𝟒+

𝑺𝟏 𝑺𝟐𝒔

ۧ|𝑅1 :𝑴𝒏𝟑+𝑶𝟐−𝑴𝒏𝟒+ ۧ|𝑅2 :𝑴𝒏𝟒+𝑶𝟐−𝑴𝒏𝟑+

C. Zener, Phys.Rev. 82, 403 (1951)
P. W. Anderson and H. Hasegawa, Phys. Rev. 100, 675 (1955)

(𝐿𝑎1−𝑥
3+ 𝑆𝑟𝑥

2+) 𝑀𝑛1−𝑥
3+ 𝑀𝑛𝑥

4+ 𝑂3

𝑺𝒓𝟐+

𝑳𝒂𝟑+

𝑴𝒏𝟑+ 𝑴𝒏𝟒+

𝑶𝟐−

𝑺𝟏|| 𝒔||𝑺𝟐

Eigenvalues:  
∆𝑬 = −𝑱𝑺 ± 𝒃

Eigenvectors:

𝝋± =
𝟏

𝟐
[ ۧ|𝑅1 ± ۧ|𝑅2 ]



Double Exchange: Semi-classical model in two-ion case

𝑺𝟏, 𝑺𝟐 = 𝜽

Symmetry 𝟏 ↔ 𝟐: ෡𝒃 = ෡𝒃† = 𝑹𝟏 ∆𝑯 𝑹𝟐

∆𝐻:
−2𝐽𝑺𝟏∙𝒔 ෠𝑏

෠𝑏† −2𝐽𝑺𝟐∙𝒔

| ۧ𝑅2

| ۧ𝑅2

| ۧ𝑅1

| ۧ𝑅1

𝑶𝟐−𝟏:𝑴𝒏𝟑+ 𝟐: 𝑴𝒏𝟒+

𝑺𝟏 𝑺𝟐𝒔

| ۧ𝑅1 :𝑴𝒏𝟑+𝑶𝟐−𝑴𝒏𝟒+ | ۧ𝑅2 :𝑴𝒏𝟒+𝑶𝟐−𝑴𝒏𝟑+

State space:

| ۧ𝑹𝟏 , | ۧ𝑹𝟐 ۪ | ۧ𝑺, 𝑺𝒛, 𝒔, 𝒔𝒛

Mutually Commuting Observables: 

෡𝑺𝒊
𝟐, ෡𝑺𝒊𝒛

𝟐 , ො𝒔𝟐, ො𝒔𝒛 , 𝒊 = 𝟏, 𝟐.  

ℏ ≡ 1Uncoupled Basis: 

ො𝒔𝟐| ۧ𝑺, 𝑺𝒊𝒛, 𝒔, 𝒔𝒛 =
1

2
(
1

2
+ 1)| ۧ𝑺, 𝑺𝒊𝒛, 𝒔, 𝒔𝒛

෡𝑺𝟏
𝟐 | ۧ𝑺, 𝑺𝟏𝒛, 𝒔, 𝒔𝒛 = 𝑆(𝑆 + 1)| ۧ𝑺, 𝑺𝟏𝒛, 𝒔, 𝒔𝒛

෡𝑺𝟐
𝟐 | ۧ𝑺, 𝑺𝟐𝒛, 𝒔, 𝒔𝒛 = 𝑆(𝑆 + 1)| ۧ𝑺, 𝑺𝟐𝒛, 𝒔, 𝒔𝒛
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𝑺𝒊
′ = 𝑺𝒊 + 𝒔,   𝑆𝑖

′ = 𝑆 ±
1

2

Mutually Commuting Observables: 

෡𝑺𝒊
′𝟐, ෡𝑺𝒛

′ , ෡𝑺𝒊
𝟐, ො𝒔𝟐

෡𝑺𝒊
′𝟐 ۧ|𝑆𝑖

′, 𝑆𝑖𝑧
′ = 𝑆𝑖

′(𝑆𝑖
′ + 1)| ۧ𝑆𝑖

′, 𝑆𝑖𝑧
′

෡𝑺𝒊
𝟐 ۧ|𝑆𝑖

′, 𝑆𝑖𝑧
′ = 𝑆(𝑆 + 1) ۧ|𝑆𝑖

′, 𝑆𝑖𝑧
′

ො𝒔𝟐 ۧ|𝑆𝑖
′, 𝑆𝑖𝑧

′ =
1

2

1

2
+ 1 ۧ|𝑆𝑖

′, 𝑆𝑖𝑧
′

ۧ|𝑆𝑖
′, 𝑆𝑖𝑧

′ ≡ ඀|𝑆𝑖
′, 𝑆𝑖𝑧

′ , 𝑠 =
1

2
, 𝑆 ; 𝑖 = 1, 2

Step 1: Diagonalize 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙 𝑏𝑙𝑜𝑐𝑘𝑠 in spin subspace  

𝟐𝑺𝒊∙𝒔 = 𝑺𝒊
′𝟐 − 𝒔𝟐 − 𝑺𝒊

𝟐 = ቐ
𝑆, 𝑆𝑖

′= 𝑆 +
1

2

− 𝑆 + 1 , 𝑆𝑖
′= 𝑆 −

1

2

𝑺𝒊∙𝒔 ۧ|𝑆𝑖
′, 𝑆𝑖𝑧

′ , 𝑠, 𝑆 =
𝑺𝒊
′𝟐−𝒔𝟐−𝑺𝒊

𝟐

𝟐
ۧ|𝑆𝑖

′, 𝑆𝑖𝑧
′ =

𝑆±
1

2
𝑆±

1

2
+1 −

1

2
(
1

2
+1)−𝑆(𝑆+1)

𝟐
ۧ|𝑆𝑖

′, 𝑆𝑖𝑧
′

=
𝑆±

1

2
𝑆±

1

2
+1 −

1

2
(
1

2
+1)−𝑆(𝑆+1)

𝟐
ۧ|𝑆𝑖

′, 𝑆𝑖𝑧
′ =

𝑆

𝟐
𝒐𝒓

−(𝑆+1)

𝟐
ۧ|𝑆𝑖

′, 𝑆𝑖𝑧
′

| ۧ𝑅1 | ۧ𝑅2

∆𝐻:
−2𝐽𝑺𝟏∙𝒔 ෠𝑏

෠𝑏† −2𝐽𝑺𝟐∙𝒔| ۧ𝑅2

| ۧ𝑅1 −2𝐽𝑺𝟏∙𝒔 : 
−2𝐽𝑆 0
0 𝐽(𝑆 + 1)

| ۧ𝑹𝟏 ඁ|𝑺 +
𝟏

𝟐
, 𝑺𝟏𝒛

′ | ۧ𝑹𝟏 ඁ|𝑺 −
𝟏

𝟐
, 𝑺𝟏𝒛

′

| ۧ𝑹𝟏 ඁ|𝑺 +
𝟏

𝟐
, 𝑺𝟏𝒛

′

| ۧ𝑹𝟏 ඁ|𝑺 −
𝟏

𝟐
, 𝑺𝟏𝒛

′

−2𝐽𝑺𝟐∙𝒔 : 
−2𝐽𝑆 0
0 𝐽(𝑆 + 1)

| ۧ𝑹𝟐 ඁ|𝑺 −
𝟏

𝟐
, 𝑺𝟐𝒛

′| ۧ𝑹𝟐 ඁ|𝑺 +
𝟏

𝟐
, 𝑺𝟐𝒛

′

| ۧ𝑹𝟐 ඁ|𝑺 +
𝟏

𝟐
, 𝑺𝟐𝒛

′

| ۧ𝑹𝟐 ඁ|𝑺 −
𝟏

𝟐
, 𝑺𝟐𝒛

′

In coupled basis: | ۧ𝑺𝒊
′, 𝑺𝒊𝒛

′ , 𝒔, 𝑺
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Step 2: Get off-𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙 𝑏𝑙𝑜𝑐𝑘𝑠 in spin subspace  

𝐵𝑗𝑘 ≡ 𝒋, 𝑺𝟏𝒛
′ ෠𝑏 𝒌, 𝑺𝟐𝒛

′ ; 𝑗, 𝑘 = 𝑺 +
𝟏

𝟐
, 𝑺 −

𝟏

𝟐

−2𝐽𝑆 0
0 𝐽(𝑆 + 1)

𝐵

𝐵†
−2𝐽𝑆 0
0 𝐽(𝑆 + 1)

| ۧ𝑹𝟏 ඁ|𝑺 +
𝟏

𝟐
, 𝑺𝟏𝒛

′
| ۧ𝑹𝟏 ඁ|𝑺 −

𝟏

𝟐
, 𝑺𝟏𝒛

′ | ۧ𝑹𝟐 ඁ|𝑺 −
𝟏

𝟐
, 𝑺𝟐𝒛

′| ۧ𝑹𝟐 ඁ|𝑺 +
𝟏

𝟐
, 𝑺𝟐𝒛

′

| ۧ𝑹𝟏 ඁ|𝑺 +
𝟏

𝟐
, 𝑺𝟏𝒛

′

| ۧ𝑹𝟏 ඁ|𝑺 −
𝟏

𝟐
, 𝑺𝟏𝒛

′

| ۧ𝑹𝟐 ඁ|𝑺 +
𝟏

𝟐
, 𝑺𝟐𝒛

′

| ۧ𝑹𝟐 ඁ|𝑺 −
𝟏

𝟐
, 𝑺𝟐𝒛

′

∆𝐻:
−2𝐽𝑺𝟏∙𝒔 ෠𝑏

෠𝑏† −2𝐽𝑺𝟐∙𝒔

| ۧ𝑹𝟏
| ۧ𝑹𝟐

| ۧ𝑹𝟏

| ۧ𝑹𝟐

In coupled basis: | ඀𝑺𝒊
′, 𝑺𝒊𝒛

′ , 𝒔 =
𝟏

𝟐
, 𝑺

Assumptions: 

𝑏 ≡ 𝑆 ±
1
2
, 𝑆1𝑧

′ ෠𝑏 𝑆 ±
1
2
, 𝑆1𝑧

′

0 ≡ 𝑆 ±
1

2
, 𝑆1𝑧

′ ෠𝑏 𝑆 ∓
1

2
, 𝑆1𝑧

′
ۧ|𝒌, 𝑺𝟐𝒛

′
𝑪𝒋𝒌≡ 𝒋, 𝑺𝟏𝒛

′ 𝒌, 𝑺𝟐𝒛
′

ۧ|𝒋, 𝑺𝟏𝒛
′ ? ? ? ?

We can solve 𝑪𝒋𝒌 both classically and quantum mechanically 
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Step 2: Get off-𝒅𝒊𝒂𝒈𝒐𝒏𝒂𝒍 𝒃𝒍𝒐𝒄𝒌𝒔 in spin subspace  

If 𝑺𝟏, 𝑺𝟐 = 𝜽

Classical rotation as unitary transformation in Hilbert space:

𝑈 = 𝑒𝑖
𝜃

2
ො𝑛∙𝜎 = cos

𝜃

2
+ 𝑖 ො𝑛 ∙ റ𝜎 sin

𝜃

2

In 2-D Hilbert space, 𝜎𝑧 representation

𝜎𝑥 =
0 1
1 0

, 𝜎𝑦 =
0 −𝑖
𝑖 0

, 𝜎𝑧 =
1 0
0 −1

𝜽

𝑧

𝑥

𝑺𝟏

𝑺𝟐

ො𝑛 = ො𝑦

𝑺𝟐 = 𝑈†𝑺𝟏𝑼

𝑈 = 𝑒𝑖
𝜃
2
ො𝑛∙𝜎 = cos

𝜃

2
+ 𝑖 𝜎𝑦 sin

𝜃

2
=

cos
𝜃

2
sin

𝜃

2

−sin
𝜃

2
cos

𝜃

2

ඁ|𝑺 +
𝟏

𝟐
, 𝑺𝟐𝒛

′

ඁ|𝑺 −
𝟏

𝟐
, 𝑺𝟐𝒛

′

= 𝑈†
ඁ|𝑆 +

1

2
, 𝑆1𝑧

′

ඁ|𝑆 −
1

2
, 𝑆1𝑧

′

=
𝒄𝒐𝒔

𝜽

𝟐
඀|𝑺 +

𝟏

𝟐
, 𝑺𝟏𝒛

′ − 𝐬𝐢𝐧
𝜽

𝟐
඀|𝑺 −

𝟏

𝟐
, 𝑺𝟏𝒛

′

𝐬𝐢𝐧
𝜽

𝟐
඀|𝑺 +

𝟏

𝟐
, 𝑺𝟏𝒛

′ + 𝐜𝐨𝐬
𝜽

𝟐
඀|𝑺 −

𝟏

𝟐
, 𝑺𝟏𝒛

′
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Step 2: Get off-𝒅𝒊𝒂𝒈𝒐𝒏𝒂𝒍 𝒃𝒍𝒐𝒄𝒌𝒔 in spin subspace  

If 𝑺𝟏, 𝑺𝟐 = 𝜽 ≠ 𝟎,

𝜽

𝑧

𝑥

𝑺𝟏

𝑺𝟐

ඁ|𝑆 +
1

2
, 𝑆2𝑧

′

ඁ|𝑆 −
1

2
, 𝑆2𝑧

′

=

cos
𝜃

2
ඁ|𝑆 +

1

2
, 𝑆1𝑧

′ − sin
𝜃

2
ඁ|𝑆 −

1

2
, 𝑆1𝑧

′

sin
𝜃

2
ඁ|𝑆 +

1

2
, 𝑆1𝑧

′ + cos
𝜃

2
ඁ|𝑆 −

1

2
, 𝑆1𝑧

′

𝐵𝑗𝑘 ≡ 𝒋, 𝑺𝟏𝒛
′ ෠𝑏 𝒌, 𝑺𝟐𝒛

′ ; 𝑗, 𝑘 = 𝑺 +
𝟏

𝟐
, 𝑺 −

𝟏

𝟐

𝐵 =
𝑏𝑐𝑜𝑠

𝜃

2
𝑏𝑠𝑖𝑛

𝜃

2

−𝑏𝑠𝑖𝑛
𝜃

2
𝑏𝑐𝑜𝑠

𝜃

2

𝑏 ≡ 𝑆 ±
1
2
, 𝑆1𝑧

′ ෠𝑏 𝑆 ±
1
2
, 𝑆1𝑧

′

∆𝐻:

−2𝐽𝑆 0
0 𝐽(𝑆 + 1)

𝑏𝑐𝑜𝑠
𝜃

2
𝑏𝑠𝑖𝑛

𝜃

2

−𝑏𝑠𝑖𝑛
𝜃

2
𝑏𝑐𝑜𝑠

𝜃

2

𝑏𝑐𝑜𝑠
𝜃

2
−𝑏𝑠𝑖𝑛

𝜃

2

𝑏𝑠𝑖𝑛
𝜃

2
𝑏𝑐𝑜𝑠

𝜃

2

−2𝐽𝑆 0
0 𝐽(𝑆 + 1)

| ۧ𝑹𝟏 ඁ|𝑺 +
𝟏

𝟐
, 𝑺𝟏𝒛

′ | ۧ𝑹𝟏 ඁ|𝑺 −
𝟏

𝟐
, 𝑺𝟏𝒛

′ | ۧ𝑹𝟐 ඁ|𝑺 −
𝟏

𝟐
, 𝑺𝟐𝒛

′| ۧ𝑹𝟐 ඁ|𝑺 +
𝟏

𝟐
, 𝑺𝟐𝒛

′

| ۧ𝑹𝟏 ඁ|𝑺 +
𝟏

𝟐
, 𝑺𝟏𝒛

′

| ۧ𝑹𝟏 ඁ|𝑺 −
𝟏

𝟐
, 𝑺𝟏𝒛

′

| ۧ𝑹𝟐 ඁ|𝑺 +
𝟏

𝟐
, 𝑺𝟐𝒛

′

| ۧ𝑹𝟐 ඁ|𝑺 −
𝟏

𝟐
, 𝑺𝟐𝒛

′
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Step 3: Diagonalize 𝒕𝒉𝒆 𝒘𝒉𝒐𝒍𝒆 ∆𝐻

∆𝐻:

−2𝐽𝑆 0
0 𝐽(𝑆 + 1)

𝑏𝑐𝑜𝑠
𝜃

2
−𝑏𝑠𝑖𝑛

𝜃

2

𝑏𝑠𝑖𝑛
𝜃

2
𝑏𝑐𝑜𝑠

𝜃

2

𝑏𝑐𝑜𝑠
𝜃

2
𝑏𝑠𝑖𝑛

𝜃

2

−𝑏𝑠𝑖𝑛
𝜃

2
𝑏𝑐𝑜𝑠

𝜃

2

−2𝐽𝑆 0
0 𝐽(𝑆 + 1)

| ۧ𝑹𝟏 ඁ|𝑺 +
𝟏

𝟐
, 𝑺𝟏𝒛

′ | ۧ𝑹𝟏 ඁ|𝑺 −
𝟏

𝟐
, 𝑺𝟏𝒛

′ | ۧ𝑹𝟐 ඁ|𝑺 −
𝟏

𝟐
, 𝑺𝟐𝒛

′| ۧ𝑹𝟐 ඁ|𝑺 +
𝟏

𝟐
, 𝑺𝟐𝒛

′

| ۧ𝑹𝟏 ඁ|𝑺 +
𝟏

𝟐
, 𝑺𝟏𝒛

′

| ۧ𝑹𝟏 ඁ|𝑺 −
𝟏

𝟐
, 𝑺𝟏𝒛

′

| ۧ𝑹𝟐 ඁ|𝑺 +
𝟏

𝟐
, 𝑺𝟐𝒛

′

| ۧ𝑹𝟐 ඁ|𝑺 −
𝟏

𝟐
, 𝑺𝟐𝒛

′

∆𝑯 − ∆𝑬 = 𝟎

∆𝑬 =
𝟏

𝟐
𝑱 ± 𝑱𝟐 𝑺 +

𝟏

𝟐

𝟐

+ 𝒃𝟐 ± 𝟐𝑱𝒃 𝑺 +
𝟏

𝟐
𝒄𝒐𝒔

𝜽

𝟐

If 𝑘𝑇𝑐 ≪ |𝑱|, |𝒃|, ∆𝑬 =
𝟏

𝟐
𝑱 − 𝑱𝟐 𝑺 +

𝟏

𝟐

𝟐
+ 𝒃𝟐 ± 𝟐𝑱𝒃 𝑺 +

𝟏

𝟐
𝒄𝒐𝒔

𝜽

𝟐
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Discussions: (1) 𝑱 ≫ 𝒃

∆𝑬 =
𝟏

𝟐
𝑱 − 𝑱𝟐 𝑺 +

𝟏

𝟐

𝟐
+ 𝒃𝟐 ± 𝟐𝑱𝒃 𝑺 +

𝟏

𝟐
𝒄𝒐𝒔

𝜽

𝟐

≅
𝟏

𝟐
𝑱 − 𝑱𝟐 𝑺 +

𝟏

𝟐

𝟐
+ 𝒃𝟐 𝒄𝒐𝒔𝟐

𝜽

𝟐
± 𝟐𝑱𝒃 𝑺 +

𝟏

𝟐
𝒄𝒐𝒔

𝜽

𝟐

=
𝟏

𝟐
𝑱 − 𝑱 𝑺 +

𝟏

𝟐
± 𝒃 𝒄𝒐𝒔

𝜽

𝟐
=

𝟏

𝟐
(𝑱 − 𝑱 ) − |𝑱|𝑺 ± |𝒃| 𝒄𝒐𝒔

𝜽

𝟐

𝜑± ≅
1

2
[| ۧ𝑅1 ඁ|𝑆 +

1

2
, 𝑆1𝑧

′ ± ۧ|𝑅2 ඁ|𝑆 +
1

2
, 𝑆2𝑧

′ ]

𝑘𝑇𝑐 ≪ 𝒃, ∆𝑬 = 𝑪𝒐𝒏𝒔𝒕. + ∆𝑬(𝒔, 𝑺𝒊) + ∆𝑬(𝑺𝟏, 𝑺𝟐)

∆𝑬 𝒔, 𝑺𝒊 ≡ − 𝑱 𝑺 ∆𝑬 𝑺𝟏, 𝑺𝟐 ≡ −|𝒃| 𝒄𝒐𝒔
𝜽

𝟐

Direction exchange:

∆𝑬𝒅 𝑺𝟏, 𝑺𝟐 = −𝐽𝑑𝑺𝟏 ∙ 𝑺𝟐, 𝐽𝑑 > 𝟎

Superexchange:

∆𝑬𝒔 𝑺𝟏, 𝑺𝟐 = 𝐽𝑠𝑺𝟏 ∙ 𝑺𝟐, 𝐽𝑠 > 𝟎

∆𝑬𝒅 𝑺𝟏, 𝑺𝟐 , ∆𝑬𝒔 𝑺𝟏, 𝑺𝟐 ∝ 𝒄𝒐𝒔𝜽 ,

𝑺𝟏

𝑺𝟐

𝜃

Ferromagnetic 



Double Exchange: Semi-classical model in two-ion case

Discussions: (1) 𝑱 ≪ 𝒃

∆𝑬 =
𝟏

𝟐
𝑱 − 𝑱𝟐 𝑺 +

𝟏

𝟐

𝟐
+ 𝒃𝟐 ± 𝟐𝑱𝒃 𝑺 +

𝟏

𝟐
𝒄𝒐𝒔

𝜽

𝟐

≅
𝟏

𝟐
𝑱 − 𝑱𝟐 𝑺 +

𝟏

𝟐

𝟐
𝒄𝒐𝒔𝟐

𝜽

𝟐
+ 𝒃𝟐 ± 𝟐𝑱𝒃 𝑺 +

𝟏

𝟐
𝒄𝒐𝒔

𝜽

𝟐

=
𝟏

𝟐
𝑱 − 𝒃 ± 𝑱 𝑺 +

𝟏

𝟐
𝒄𝒐𝒔

𝜽

𝟐
=

𝟏

𝟐
𝑱 − 𝒃 + ∆𝑬 𝒔, 𝑺𝒕

Conduction electron polarization in ferromagnetic metal

𝑺𝟏

𝑺𝟐

𝜃

𝑺𝒕 = 𝑺𝟏 + 𝑺𝟐

𝒄𝒐𝒔
𝜽

𝟐
=

𝑺𝒕
𝟐𝑺

∆𝑬 𝒔, 𝑺𝒕 = ± 𝑱 𝑺 +
𝟏

𝟐
𝒄𝒐𝒔

𝜽

𝟐

= ± 𝑱 𝑺 +
𝟏

𝟐

𝑺𝒕
𝟐𝑺

≈ ± 𝑱 𝑺𝒕 ∝ 𝑱 𝑺𝒕 ∙ 𝒔 = 𝑱 (𝑺𝟏 ∙ 𝒔 + 𝑺𝟐 ∙ 𝒔)



Supplementary: Pure quantum method  



| ۧ𝑅1 | ۧ𝑅2

∆𝐻:
−2𝐽𝑺𝟏∙𝒔 ෠𝑏

෠𝑏† −2𝐽𝑺𝟐∙𝒔| ۧ𝑅2

| ۧ𝑅1

𝑺𝟏
′ = 𝑺𝟏 + 𝒔, 𝑺𝟎 = 𝑺𝟏

′ + 𝑺𝟐 𝑺𝟐
′ = 𝑺𝟐 + 𝒔, 𝑺𝟎 = 𝑺𝟐

′ + 𝑺𝟏

| ൿ𝑺𝟎
𝟐, 𝑺𝟎𝒛, 𝑺𝟏

′ (𝑺𝟏, 𝒔), 𝑺𝟐 | ൿ𝑺𝟎
𝟐, 𝑺𝟎𝒛, 𝑺𝟐

′ (𝑺𝟐, 𝒔), 𝑺𝟏

𝑺𝟏
′ 𝑺𝟏, 𝒔 = 𝑺𝟏 −

𝟏

𝟐
, 𝑺𝟏 +

𝟏

𝟐
𝑺𝟐
′ 𝑺𝟐, 𝒔 = 𝑺𝟐 −

𝟏

𝟐
, 𝑺𝟐 +

𝟏

𝟐

𝐵𝑺𝟏
′ 𝑺𝟐

′ ≡ 𝑺𝟎
𝟐, 𝑺𝟎𝒛, 𝑺𝟐

′ (𝑺𝟐, 𝒔), 𝑺𝟏 ෠𝑏 𝑺𝟎
𝟐, 𝑺𝟎𝒛, 𝑺𝟏

′ (𝑺𝟏, 𝒔), 𝑺𝟐 ;

𝑺𝟏
′ , 𝑺𝟐

′ = 𝑺 +
𝟏

𝟐
, 𝑺 −

𝟏

𝟐



Racah’s Method: W coefficients

𝐶𝑺𝟏
′ 𝑺𝟐

′ = 𝑺𝟎
𝟐, 𝑺𝟎𝒛, 𝑺𝟐

′ (𝑺𝟐, 𝒔), 𝑺𝟏 𝑺𝟎
𝟐, 𝑺𝟎𝒛, 𝑺𝟏

′ (𝑺𝟏, 𝒔), 𝑺𝟐 ≡ 2𝑺𝟏
′ + 1 2𝑺𝟐

′ + 1 𝑾(𝑺𝟏𝒔𝑺𝟎𝑺𝟐; 𝑺𝟏
′ 𝑺𝟐

′ )

Biedenharn, Blatt, and Rose, Revs. Modern Phys. 24, 249 (1952).

𝑐𝑜𝑠
𝜃

2
≡ (−1)1−2𝑆0

𝑆0 +
1
2

2𝑆 + 1
∆𝐻:

−2𝐽𝑆 0
0 𝐽(𝑆 + 1)

𝑏𝑐𝑜𝑠
𝜃

2
𝑏𝑠𝑖𝑛

𝜃

2

−𝑏𝑠𝑖𝑛
𝜃

2
𝑏𝑐𝑜𝑠

𝜃

2

𝑏𝑐𝑜𝑠
𝜃

2
−𝑏𝑠𝑖𝑛

𝜃

2

𝑏𝑠𝑖𝑛
𝜃

2
𝑏𝑐𝑜𝑠

𝜃

2

−2𝐽𝑆 0
0 𝐽(𝑆 + 1)

| ۧ𝑹𝟏 ඁ|𝑺 +
𝟏

𝟐
, 𝑺𝟏𝒛

′ | ۧ𝑹𝟏 ඁ|𝑺 −
𝟏

𝟐
, 𝑺𝟏𝒛

′ | ۧ𝑹𝟐 ඁ|𝑺 −
𝟏

𝟐
, 𝑺𝟐𝒛

′| ۧ𝑹𝟐 ඁ|𝑺 +
𝟏

𝟐
, 𝑺𝟐𝒛

′

| ۧ𝑹𝟏 ඁ|𝑺 +
𝟏

𝟐
, 𝑺𝟏𝒛

′

| ۧ𝑹𝟏 ඁ|𝑺 −
𝟏

𝟐
, 𝑺𝟏𝒛

′

| ۧ𝑹𝟐 ඁ|𝑺 +
𝟏

𝟐
, 𝑺𝟐𝒛

′

| ۧ𝑹𝟐 ඁ|𝑺 −
𝟏

𝟐
, 𝑺𝟐𝒛

′

𝑆0 =
1

2
,
3

2
, …… .2𝑆 +

1

2


