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Resonant tunneling problem
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→Direct tunneling: tunneling without interacting with the states in the barrier  
→Resonant tunneling: tunneling with the help of the states in the barrier



Quantum mechanical description

A B

1

Energy

Position

Electrode 
density of state

Molecular state

e

State:

Interaction:

𝜙𝑖
𝐴, 𝐸𝑖

𝐴 𝜙𝑖
𝑀, 𝐸𝑖

𝑀 𝜙𝑖
𝐵 , 𝐸𝑖

𝐵

𝑉𝑖,0
𝐴 𝑉𝑖,𝑗

𝑀 𝑉𝑖,𝑁
𝐵

Continuum A only in 
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Continuum B only in 
contact with molecule N 
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Introduction to the Green’s function
Green’s function: 𝐺(𝐸) =

1

𝐸−𝐻
, 𝐺0 𝐸 =

1

𝐸−𝐻0

Transition operator: 𝑇 = 𝑉 + 𝑉𝐺0𝑇 = 𝑉 + 𝑉𝐺𝑉

According to the scattering theory (no approximation), transition probability from 
initial | ۧ𝑖 state to final state | ۧ𝑓 is:

𝜈 =
2𝜋

ℏ
𝑇𝑓𝑖

2
𝜌(𝐸𝑓)

𝜌(𝐸𝑓) is the density of state of the final state.

The electric current:

𝑗 = 𝑒𝜈 =
2𝜋𝑒

ℏ
𝑇𝑓𝑖

2
𝑓 𝐸𝑖 1 − 𝑓 𝐸𝑓 𝛿 𝐸𝑖 − 𝐸𝑓

𝑗 =

𝒊,𝒇

𝟐𝝅𝒆

ℏ
𝑻𝒇𝒊

𝟐
𝜹 𝑬𝒊 − 𝑬𝑭 𝜹 𝑬𝒇 − 𝑬𝑭

𝑓 𝐸𝑖 is the Fermi function, 𝑉 is the bias voltage.



Transition operator 𝑇

𝑗 =

𝒊,𝒇

𝟐𝝅𝒆

ℏ
𝑻𝒇𝒊

𝟐
𝜹 𝑬𝒊 − 𝑬𝑭 𝜹 𝑬𝒇 − 𝑬𝑭

𝑇𝑓𝑖 = |𝑓|𝑇ۦ ۧ𝑖

Recall 𝑇 = 𝑉 + 𝑉𝐺𝑉
𝑇𝑓𝑖 = 𝑓ۦ 𝑉 + 𝑉𝐺𝑉 ۧ𝑖
= 𝑓ۦ 𝑉 ۧ𝑖 + 𝑓ۦ 𝑉𝐺𝑉 ۧ𝑖

Through-space tunneling, 
approximation in Fermi’s 
golden rule.
In this model ۦ𝑓 𝑉 ۧ𝑖 = 0

Resonant tunneling, 
important when through-
space tunneling is too small.



Resonant tunneling

𝑗 =

𝒊,𝒇

𝟐𝝅𝒆

ℏ
𝑻𝒇𝒊

𝟐
𝜹 𝑬𝒊 − 𝑬𝑭 𝜹 𝑬𝒇 − 𝑬𝑭

𝑇𝑓𝑖 = 𝑓ۦ 𝑉𝐺𝑉 ۧ𝑖

Recall 𝑉 = σ𝑖 𝑉𝑖,0
𝐴 + σ𝑖,𝑗 𝑉𝑖,𝑗

𝑀 + σ𝑖 𝑉𝑖,𝑁
𝐵

𝑇𝑓𝑖 = 

𝑖1,𝑖2

𝑓ۦ 𝑉 ۧ𝑖1 𝑖1ۦ 𝐺 ۧ𝑖2 𝑖2ۦ 𝑉 ۧ𝑖

ۧ|𝑖1 , ۧ|𝑖2 run through all states.
𝑇𝑓𝑖 = 𝑓ۦ 𝑉 ۧ𝑁 𝑁ۦ 𝐺 ۧ1 1ۦ 𝑉 ۧ𝑖

= 𝑉𝑓,𝑁𝐺𝑁,1𝑉1,𝑖
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Resonant tunneling

𝑗 =

𝑖,𝑓

2𝜋𝑒

ℏ
𝑇𝑓𝑖

2
𝛿 𝐸𝑖 − 𝐸𝐹 𝛿 𝐸𝑓 − 𝐸𝐹

𝑇𝑓𝑖 = 𝑉𝑓,𝑁𝐺𝑁,1𝑉1,𝑖

𝑗 =

𝑖,𝑓

2𝜋𝑒

ℏ
𝑉𝑓,𝑁

2
𝐺𝑁,1

2
𝑉1,𝑖

2
𝛿 𝐸𝑖 − 𝐸𝐹 𝛿 𝐸𝑓 − 𝐸𝐹

=

𝑖,𝑓

2𝜋𝑒

ℏ
𝐺𝑁,1

2
𝑉1,𝑖

2
𝛿 𝐸𝑖 − 𝐸𝐹 𝑉𝑓,𝑁

2
𝛿 𝐸𝑓 − 𝐸𝐹

Spectra density (weighted density of state): 

Δ1 =

𝑖∈𝐴

𝜋 𝑉1,𝑖
2
𝛿 𝐸𝑖 − 𝐸𝐹

Δ𝑁 =

𝑗∈𝐵

𝜋 𝑉𝑓,𝑁
2
𝛿 𝐸𝑓 − 𝐸𝐹

𝒋 =
𝟐𝒆

ℏ𝝅
𝑮𝑵,𝟏

𝟐
𝚫𝟏
𝟐𝚫𝑵

𝟐



How to find 𝑮𝑵,𝟏
𝐺(𝐸) =

1

𝐸 − 𝐻

𝐻 =
𝐻𝐴 𝐻𝐴𝑀 0
𝐻𝑀𝐴 𝐻𝑀 𝐻𝑀𝐵

0 𝐻𝐵𝑀 𝐻𝐵

𝐻 − 𝐸 =
𝐻𝐴 − 𝐸 𝐻𝐴𝑀 0
𝐻𝑀𝐴 𝐻𝑀 − 𝐸 𝐻𝑀𝐵

0 𝐻𝐵𝑀 𝐻𝐵 − 𝐸

This can be converted to finite dimensional problem:

ℎ′ = 𝐻 − 𝐸 =

𝐻1,1
𝑀 − 𝐸 − 𝑆1 𝐻1,𝑖

𝑀 0

𝐻𝑖,1
𝑀 𝐻𝑖,𝑖

𝑀 − 𝐸 𝐻𝑖,𝑁
𝑀

0 𝐻𝑁,𝑖
𝑀 𝐻𝑁,𝑁

𝑀 − 𝐸 − 𝑆𝑁

𝑺𝟏 =

𝒊

𝑽𝒊𝟎
𝟐

𝑬𝒊 − 𝑬

𝑺𝑵 =

𝒊

𝑽𝒇𝑵
𝟐

𝑬𝒇 − 𝑬

𝑮𝑵,𝟏 =
|𝒉′ 𝟏 𝑵 |

|𝒉′|
𝒉′ 𝟏 𝑵 is the cofactor of 𝒉′.



Conclusion

• The resonant tunneling is another route of tunneling beside tunneling 
through space described by the Fermi’s golden rule

• The resonant tunneling can be calculated using the Green’s function


