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Born-oppenheimer approximation
• The motion of atomic nuclei and electrons in a molecule can be separated.

ψ𝑡𝑜𝑡𝑎𝑙 = ψ𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛𝑖𝑐 × ψ𝑛𝑢𝑐𝑙𝑒𝑎𝑟

• Electronic stationary Schrodinger equation:
𝐻𝑒 𝑟, 𝑅 ϕ 𝑟, 𝑅 = 𝐸𝑒ϕ 𝑟, 𝑅

• Nuclear stationary Schrodinger equation:
𝑇 + 𝐸𝑒 𝑅 φ 𝑅 = 𝐸φ 𝑅



Interaction representation

• For a time dependent wave function

|Ψ𝑠(𝑡)˃ = 𝑈𝑠(𝑡, 𝑡0) |Ψ𝑠(𝑡0)˃

𝑈𝑠(𝑡, 𝑡0) is a transformation operator.

From Schrödinger eqn,

𝑖ℏ
𝑑

𝑑𝑡
|Ψ𝑠(𝑡)˃ = 𝐻𝑠|Ψ𝑠(𝑡)˃

We get, 𝑖ℏ
𝑑𝑈𝑠

𝑑𝑡
= 𝐻𝑠𝑈𝑠, so 𝑈𝑠 𝑡, 𝑡0 = exp(−𝑖𝐻𝑠(𝑡 − 𝑡0)/ℏ)

𝐻𝐼 = 𝑈𝑆𝐻𝑆𝑈𝑆
−1



Consider a nuclear motion
• In interaction representation, transformation operator:

𝑈 = exp
𝑖𝐻𝑠𝑡κ

ℏ
, κ 𝑖𝑠 𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑓𝑎𝑐𝑡𝑜𝑟

𝐻𝑠 = 𝑇𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛 + 𝑉(𝑥, 𝑄0 + 𝑄) = 𝐻𝑠
0 +𝐻𝑠

1 𝑥, 𝑄0 𝑄 +
1

2
𝐻𝑠
2(𝑥, 𝑄0)𝑄

2

Q is the nuclear displacement around 𝑄0
Electronic: 𝐻𝑠ϕ𝑙 𝑥, 𝑄0 = ϵ𝑙(𝑄) ϕ𝑙 𝑥, 𝑄0

Nuclear:                            𝑇𝑠 + ϵ𝑙 𝑄 𝜑𝑙𝑚 𝑄 = ξ𝑙𝑚𝜑𝑙𝑚 𝑄

𝑇𝑠 =
𝑃2

2𝑀



Interaction energy
• Electronic energy, since 𝐻𝐼 = 𝑈𝑆𝐻𝑆𝑈𝑆

−1=𝐻𝑆
ϕ𝑙 𝐻𝐼|ϕ𝑙 = ϵ𝑙 𝑄 = ϵ𝑙 𝑄0 + α𝑄 + 𝑘𝑄2

• Nuclear K.E energy,
ϕ𝑙 𝑇𝐼|ϕ𝑙 = ϕ𝑙 𝑈𝑆𝑇𝑆𝑈𝑆

−1|ϕ𝑙

≅ ϕ𝑙 1 +
𝑖𝐻𝑠𝑡κ

ℏ
𝑇𝑆(1 −

𝑖𝐻𝑠𝑡κ

ℏ
)|ϕ𝑙

=
𝑃2

2𝑀
+

𝑖𝑡κ

ℏ
ϕ𝑙 𝐻𝑠, 𝑇𝑆 |ϕ𝑙 +

𝑖𝑡𝜅 2

2ℏ2
ϕ𝑙 [𝐻𝑠, 𝐻𝑆, 𝑇𝑆 |ϕ𝑙

=
𝑃2

2𝑀
−

𝑡κ

2𝑀
2α𝑃 + 𝑘 𝑄𝑃 + 𝑃𝑄 +

𝑡𝜅 2

2𝑀
(𝛼 + 𝑘𝑄)2



Dimensionless

• 𝑞′ = 𝑄(
𝑀𝜔

ℏ
)1/2, 𝑝′ = 𝑃(𝑀𝜔ℏ)−1/2, ሶ𝑞′ = 𝜔𝑝′, b= 𝛼(𝑀𝜔3ℏ)−1/2, 𝜔2 =

𝑘

𝑀
,

interaction energy ℏ𝜔𝜼′ = ξ𝑙𝑚-ϵ𝑙 𝑄0 =ϵ𝑙 𝑄 + ϕ𝑙 𝑇𝐼|ϕ𝑙 -ϵ𝑙 𝑄0

• 𝜼′=
1

2
𝑝′2 + 𝑞′2 + 𝑏𝑞′ − 𝑡κ𝜔 𝑏𝑝′ +

1

2
𝑝′𝑞′ + 𝑞′𝑝′ +

1

2
𝑡𝜅𝜔 𝑞′ + 𝑏

2

𝜂 =
1

2
𝑝2 + 𝑞2 −

1

2
𝑡κ𝜔(𝑝𝑞 + 𝑞𝑝)+

1

2
𝑡𝜅𝜔𝑞 2, take q = 𝑞′ + 𝑏, 𝑝 = 𝑝′,

𝜼 = 𝜼′ +
1

2
𝑏2

This can be taken as transformation, 

𝜼 = 𝑈1
1

2
𝑝2 + 𝑞2 𝑈1

−1,

𝑈1 = exp 𝑖
1

2
𝑞2𝑡𝜅𝜔 = exp(𝑖(

1

2
𝑝2 + 𝑞2 − 𝑞2)𝑡𝜅𝜔)=exp 𝑖

1

2
𝑝2𝑡𝜅𝜔 .

So 𝜼 =
1

2
𝑝2 + (𝑞 + 𝑡𝜅𝜔𝑝)2 =

1

2
𝑝2 + (𝑞 + 𝑡𝜅 ሶ𝑞)2 =

1

2
𝑝2 + ෤𝑞2



Correction factor κ
• 𝑣𝑒 ≅

ℏ

𝑚𝑒𝑑
, 𝑎𝑛𝑑 𝑇 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒 𝑜𝑟𝑑𝑒𝑟 𝑤𝑖𝑡ℎ 𝑉,

ℏ2

𝑚𝑑2
≅

𝑒2

𝑑

• Plus Harmonic oscillator V = 𝑀𝜔2𝑑2

• So 𝜔 =
ℏ

𝑚𝑑2
(
𝑚𝑒

𝑀
)1/2

• Besides, ∆𝐸 ≅
ℏ

∆𝑡
, ∆𝑡 =

𝑑

𝑣𝑒
=

𝑚𝑑2

ℏ

• κ =
𝜔

𝑣𝑒
=

ℏ𝜔

∆𝐸𝑑


